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CHAPTER 1 


ELEMENTARY SET THEORY AND 
COUNTABILITY 


1.1. Definition 
1.1.1. Set 


A set is a well defined collection of distinct objects., By-wellsdefined we 
mean there is no confusion regarding inclusion or exchigion. oF Objects. Sets 
are conventionally denoted with capital letters andsml) Yetters™ “wall 
.% Nie wy 
represent the members of the set. X oO, ee : 
; Me oe a BE ects ‘io 
Note: This definition is widely accepted-but {not oF BREE 7 
Following notations will be used for some\ QT HO 
* 
commonly used. * \ 


N= The set of all natural numbers or all podiivs thigiers 


Z= The set of all integers. 


.Q The set of all rational numbers. SN 
-Q The set of all Irrational sas a Be ; 


ie. Ag 4 for every set 4. 


Russell’s Paradox: 


And By definition 


XEX 


Which is a contradiction,’ % 
1.1.2. Operations on Sets 
Let 4 and B be two sets. Then 


1. -Union: The union of 4.andB,:denoted by AUB, is defined as the set 
{x| xe Aorxe B}. 


While writing AUB ; elements.common to 4and B should be.taken only 
once inthe union. 
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Also note that AU 4 = AandifAc B, then 


A B 


Example: 
(a) Take A= {1,2,3,4} 
B= {3,4,5,6} 


Then AUB ={1,2,3,4,5,6} 


(b) If A=Q 
B=Q 
Then AUB=R 


Intersection: The intersection of A and eng ty AB, is defined 
as the set {x| x ¢ AandB both}. : : 


Thus 478 consists of all elements Shatner and B Also note that 
ANA=AandifAcBthen An id ee . 


If AN B=? , then the sets A and 


we og fe. 


Then AN B= 


Difference: The difference of AandB, denoted by A--B, is defined as 
the set {x] xe Aandx¢ B}. 


Thus 4 —B is the set of all elements of A not belonging toB. 
Similarly, we can define B-— A 
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(a) A-B#B-A 
(b) A-BCA,B-ACB 
(c) (A-B)N(B-A=h 


Exampla: . 

(a) If A={I,2,3,4,5,6,7} and B={4,5,6,7,8} 

Then A-B={1,2,3} 0 7", 

(b) Ifa=R \ 
B=Q 

Then A-B=R-Q=Q 

' Compton . 


‘notition we can ee eae = 


i 


"From. .'this 


definition, © 


5. Power Set: The. power set of.4, denoted by P(A), is defined as a set 
{X|X ¢ 4}. Thus, P(A)is collection of all possible subsets of A. 


If |4l=n, Then. |P(4}| =2” 


(where, || denotes the number of elements in the set 4. ie, cardinality 
of the set 4) 
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then the Cartesian 
d pairs (a,b) with 


aeA and beB. Thatis, 
AxB={(a,b):a€ 4,be B} , ae 


Thus if A ={0,2,3} and rade 


elements are the ordered pains? 


set of'six points in the plane with 
the coordinates that we have just listed. f ; 


also'if any of A and Bis empty then 


define 


13. Functions And Their 
1. Function on a set: ielation f from a non-empty set A to another non 


- at + * 
empty set Bis said to bé a function, if each element x<¢ A corresponds 
to a unique element'y.¢ B and they which corresponds in this way-to a 


given x is denoted by f(x), and is called the value of x under f . 


Note: lf f is a function from a set Ato a set Bthen we write it as 
f:iAoe. 

2.. Graph: If f is a function from Ato B, then set of all ordered pairs 
(x,,(x)) is called the graph of the function f 
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3. ‘Domain, Co-domain & Range of a Function: For a function f from 


AtoB, the set 4is called the domain of f and.the set of values of /f is 
called the range of f and written as f(4) , whereas B is called the 
Co-domain of f. Clearly. f(4)<B . All these sets can be seen in 


following figure easily. 


Domain Range fl4) 


: Co-domain 


Equality of Two Functions: Two functions f saad d Bae said™to, be 
a, 


equal if 


(a) Domain of = Domain Of, gemma 


(b) Vx, f(x) =2(x) 


sas 


inn ways. Hence total number 6 fnct 4 


to B is sa or |B 


ing 1 elements and B be the set 


umber of functions from Ato Bis 


510, 


1.1.4. Classification 


1.» Oitest i i “fe say a function aes is one- 


“Algorithm to:Check Injectivity of Function 


StepI: | Take two arbitrary elements x,and Xz inthe domain: 
StepIE: Put -f(%) =F@2) 
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Step HI: Solve f(m)= f(x). I fq) =f (x2) gives 4 =x only, 


then {:4— B is a one-one function otherwise not. 


Example: f :[0,1]-» R defined by 
f(x) =x? is a one-one function. 


f(x)=f0) 


Remark: 


(a) Injectivity of a function can also be checked fon its. graph. if any 
straight line parallel to x-axis intérsec: ‘ihe éurve ys = f(x) at most 


ee ies rm 


at one point, then the function f(x).is ohe“o e or an injection 


otherwise it is not. 


(b) If f: 4B then 4 => SOG) 
However (x)= f(%) > 


_ When fi is an injective map. 


; hayiniiand e Smnents ‘respectively then 


Example: Consider the function f[-L1]|>R, defined by f (x)=x? 


then f is many. one function. 
Onto (Surjective) Function: A function {:A—B is said to be an 
onto function or a surjective function if every element of Bis the f - 
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image of some element of Aie. if f(4)=B. or range of f is the co- 
domain of f . 


hot-Onto. 


Remark: It depends upon domain and co-domain respectively for a 
function to be one-one and onto. 


Example: The function f :[0,1]-> R defined by f (Vise one-one 


function where as function / : [-1,1] — R defined, by ah ex? ‘isnot a 


Also function f :[0,1] > R definéd b 


but f :[0,1] [0,1] defined by f(x)=x es ont Yunctc’ 


1 og one 


Remark: If Aand B are two sets havin canal respectively 
ai, ge 


abxe a (nn eas ar wa 


q 
f 
J 


Into Function: A func 


exists an element in 


5. One-One Onto Bilegtive) unction: The map f:A— B is bijective 


if it is one-one as well as‘onto. 
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Example: The map f:N—Z defined as f(n)= cy 


(Where EB | denotes the greatest integer function) is bijective function 


Cantor’s Theorem: For any set A, there is no map from A onto the set 
P(A), the power set of 4. 


Reason: Let $: 4— P(A)is onto. 
Since for everyxe A, (x) is a subset of A. Then eitherx € (x) or it 
does not. Now consider X = {x EAIXE $(x)} 


Since Xis a subset of A and dis onto, then x=0(2 ye rs 
either 1e X orre X . Ife x and since X = $(t), We ‘must havet nies 
. Which is contrary to the definition of XY. 

“x which is. also a 
contradiction. 


So cannot be onto. 


1.2. Countable and Uncountable Sets. 


SoMa 
1. Similar/Equivalent/Equipotenti x Two set 4 Said B are called L 
Similar if and only if there exists an bijgct ive ve function between them and 
then we write A ~ B & i 


Finite Set: Consider S@ = 


their cardinality are equal. 


itself as there exists an identity map on 


(©) If4~ Band 2~'c then a~c. 


(d) The main difference between a finite and an infinite set is that every 
infinite set is equivalent to at least one of its proper subset whereas a 
finite set can never be equivalent to any of its proper subset. 


#It is so important that some of the authors use this note as the 
definition of finite and infinite sets. 


(e) Subset of a finite set is a finite set. 


(f) Empty set is considered asa finite set. 


28A/11, First Floor) Jia Sarai, Hauz Khas, Near LLLT., New Delhi-110016, Ph. (041)-26537527, Cell: 9999183434 & 9899161734, 8588844789 
E-mail: info@dipsacademv.com: Website: www.dipsacademy.com 


a : Elomentary Set Theory and Countabli 
SNERATING LOGICS : 


‘9001 : 2008 Certified Institute 


Countably Infinite Set: A set sis said to be countably infinite if it is 
similar to set of natural numbers i.e. ifs. ~-N 


Example: Z is a countably infinite set: 


Reason: Define 6:N > Z as 


o(m)=-0"| 2] 


Clearly is bijective function from N to Z 


-. Z is a countably infinite set. 


In Abstract: We say a set can be put under counting system or process 
if a rule can be imposed over that set by which successar is defined. 


Countable Set: A set § is called countable if itsis,.¢ jen finite or 
countably infinite. In case of countably infinite then “function, £ 
4 ae 


which establishes a bijection between N a the. elSthents, wl Ss . 
Therefore the set scan be displayed as 5 ={ £ WF QFO).3. If we 


write {01,09 5..54,,...} in place OLD SLO FO),} then 
S = {0,0 y jong Gy soe} \, Se 


eS eae 
Uncountable Set: A set which is not sgt ae uncountable 


set. 


Note: If every map from 4 to B Seon, T en we say B is 
larger than Ain the sense of cardinality, i.e! the co-domain has more 


potential than the domain. ee fi 


If the domain has less potential thenzeyery ma 
onto. - ran) 


ale rf Then’ 4 is similar to a subset of 
ie Ae 
f to,any of the subset of 4. 


but these eet 


fe 
Cardia et: For infinite sets we use symbols to denote 


' These: symbols which’: ¢ jised to denote cardinality of infinite sets are 
known as transfinite numbers. * 


Arithmetic of Cardinal Numbers: No denotes the cardinality of N and 
e denotes the cardinality of R . ° : 


(a) No + Ro +...4N9 = Rp 
Se 
in times 


(b) n+Xy=No swe N 


(ce) No tc=e 
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(d) c+et+..+eFe 
ee Ee 
n times 


(e) m:No=No.2EN 


Q) a<&o aon 
For any transfinite number o,f, y 


(m) a+f=largerof aandB 


(n) aB=largerof aandB 
(0) oF a! =o? 
‘) (a?)'- yer 


(@) (aB)’ =a" -pt 


10. R={f|f:N2N 


uncountable. 


M1. F, ={f| f:[0,1]->[0,1]} Then card || =c° =2° => F, is uncountable 


12. The set of all equivalence classes of an equivalence relation on a set is 
called Quotient set. 


(a) Quotient set of countable set is always countable. 


(b) Quotient set of uncountable set may be countable or uncountable. 


Sarai, Hauz Khes, Near I.LT.. New Del 0016, Ph.: (611}-26537527, Cell: 9999183434 & 9299161734, 8588844789 
E-mail: info@dipsacademy.com; Website: www.dipsacademy.com 


an 1S0'9001 = 2008 Certified instieute 


1.3. 


Properties of Sets 

1...Two finite set are similar iff they have same number of elements. 

2.. Every countable set is equivalent to a subset of natural numbers. 
Reason: Let Abe any countable set. Now if A is finite then it is similar 
to 5 for somen. 


Else if Ais countably infinite then A can be written as 
A={a),09,03,..} 

Now define @:A->Naso(q)=k VkeN 

This is a bijective map and thus Ais equivalent ton. 


Every set equivalent to finite/infinite set is fniteinfinite t>- 


Reader should prove it themselves. — : 


If Ais similar to a subset of Band.Zis eg ae Oy subset of A, then 


ae SY 


Reason: As Ais similar to a subset of B 
=> Ahas less potential than B 
Also B is similar to a subset of A 


=> Bhas less potential than A 


‘Proceeding in si 
A, = Ana U {an} 


Let A= [J 4,24, 0 4p 30g 5.0g Gn stoy 


neN 
Clearly 4c.X 
This shows that every infinite set has countable infinite subset 
Converse is obvious. 


Hence a set Xis infinite iff it contains a countably infinite subset. 


6, Every infinite set is equivalent to at least oné of its’proper subset. 


| 
i 
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Reason: As done in above property construct 4 = U Ay 


neX 
Now take B= A~{a} and define ¥=(X -A)UB 
Clearly a; ¢ ¥ < X thus Y is proper subset of 
Define g:X > Y such that 
ay. x=a; 
ea) else 
Clearly g is one-one and onto. 


t. Then its 


This shows that if we remove one element from an. infin 
cardinality does not change. 


By the same procedure if we remove finite numb 0 ents froman_ 
infinite set then its cent Temains same. Ke am 


Reason: Let 4 is any finite set aid Bc (ad ae x city B tiny less number 
of elements then 4 and two finite set are ‘equivalent’ iff they have same 
number of elements so 4 and B can-not be equi ivalént. Thus no finite set 
can be equivalent to its proper subset. 


8. Countable union of countable set is countable, 


9. If Bis an uncountable set and Ais a Sa set then (B-A)is an 
uncountable set. 


; oleae _Set .and also 
cage countable set) is countable thus 
$18 not possible ag’ B is an uncountable set. 


“ ae 
s of countable set‘is countable. 
P ; 


Reason: Suppose that 
_B=(B-A)UA (being a 
B is a countable set. But 
Thus B- A is uncountable 


10. Family of all ag sub; 
Reason: Let 


Tf Aisa Bite set the nagihing 
infinite set. 


Ee 
. Thus, 4, is countable 


Now, Let 4) = Unioa o all subset of N having 2 elements. Then A, is 
countable. 


In this manner 4A, is countable Vn eN 
Thus if F denotes the collection of all finite subset of N then F 


= U 4, Which is countable (being countable union of countable sets). 
n=l 


11. The family of all infinite subsets of an infinite set_¥ is uncountable. 
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Reason: Let # denote the family of all. subsets of the set ¥ and 4 
denote the family of all finite subsets of X. Then family of all infinite 
subset of the set ¥ is equalto B--A..Which is uncountable. 


(By Property 9) 
Remark: 
(a) The family of all subsets of countably infinite set is uncountable. 
(b) P(N), P(Q),P(Z) all are uncountable set. 
. Finite Cartesian product of countable set is countable. 
Application: N x N x...x Nis countable set. 


. The set of all positive rational numbers is countable: 


Reason: Q* = | £, P,q are co-prime positive integers 
Lq ee : 
tm 


Let 4={(p,q); p,q are co-prime sitive di gers} 


— 


“Ty 
Clearly the elements of Q* and A are, jn o ‘yorrespondence and 
therefore Q* is countable iff A is re Since Ac NxN and 


é 


NxN. is countable, therefore, A is countal eing subset of countable 
set) , 


le Ym eNU{O} as there is a bijection 


6: P, + QxQx... ~ Redefined as 


(a9 +;2+ +d” | = 


Now if P denote the class of all polynomials over Q then clearly 


Be : 
= U P, which (being countable union-of countable set) is countable. 
n=l 


. Set of all circles whose Centre ‘and radius are rational number. is 
countable. 
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Reason: Let X ={e|c= (x-ay +(y-by =r?where a,b,r —eQ 


Define $:X > Qx@xQ as d(c) =(a,6,r).This 6 is a bijective map and 


thus Ya countable set. 


Transcendental 


: Sigs wos 
Algebraic number: A real number is called an algebraic-number, if-it is 


) (a, #0) with 


rational coefficient. 


Transcendental number: A real number-w. h..is not Algebraic is 
called a transcendental number. Os 


BB Transcendental No. 
UN Algebraic Number: 


17. Set of all algebraic numbers and set of all transcendental numbers forms 


fixed meNw {0} define 
B= {ay +Qx+ ax? tet Oye” | a € Q} .This P,, is countable. 


Now take P = U P,, aud being countable union of countable sets it is 
meN 

also countable. So, P is countable. 

Now ifa is any algebraic number then there is a polynomial in P such 

that whose root iso . 
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Thus the set of all algebraic numbers is contained in the set of zeros, of 
polynomials in P Now all we need to show is that the set of zeros of 
these polynomials is countable. 


Since every polynomial can have at most « real roots where & is degree 

of that polynomial. Now we denote the set 4,, as the set of zeros of 

polynomials in P,,. Since P,, has countable number of polynomial and 

further all of those polynomial have finite number of zeros so A, will 

have countable number of elements. 

‘Now define.4 = U Am » the set of zeros of polynomials in P , being 
meN 


countable union of countable set is countable and set of algebraic 
numbers being subset of this set. ; 


-. Set of algebraic numbers is countable. 


oe 
. Set of all transcendental numbers is uncountable, = “eg Y 


Reason: Since R= .4\)7 where-A is set Shall algebraic shimabets 


and 7 is set of all transvendental huinberg, Neghsite A i is, countable 
and R is uncountable ‘ bs fea ‘ 


; 


J =R-A Is uncountable 7 < Byung ‘the result 9) 


Countable 
Uncountable 


Natural Numbers (NN) ‘ Countable 


Integers (Z) Countable 


Rational Numbers (Q) ; Countable 


Non Empty ,non-singleton Intervals © | -Uncountable 


(Open, closed, semi-open, semi-closed) 
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acc (o) Uncountable 
Real numbers (R) Uncountable | 
Algebraic numbers (4) Countable 
Transcendental Numbers (7 ) Uncountable 


Algebraic Countable 


Irrationals 


Transcendent 


30. The unit interval [0,1] is =< ~ ee 


Reason: Let us assume that [0,1], i é 


=> either [0,1] is finite or ia 


Since every non empty, non'singieton interval 4é an infinite set, [0,1] a 
Countably infinite. 


we Consider the furiber bs -with ~— decimal TepTesentation 


B= 0.0, By By sue Bpy even 


where & is any integer from 0 to 9 such that b #ay; 


b is any integer from 0 to 9 such that by 4a. 


b, is any integer from 0 to 9 such that 5, # a, and so on, 
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Clearly, b<[0,1] and b#x, Wn since the decimal representation of 6 
is different from the decimal representation of x, as b, #.a,,.Thus 6 
escapes enumeration and we arrive at a contradiction. 


Hence [0,1] is not countable. 


31. (0,1) is uncountable set. (By property 6) 


32. Any open interval (a,b) is uncountable where a + b 


33.-Any open interval (a,b) is equivalent to any other open interval (c,d) 
where a#b & c¥#d 


Reason: Let x ¢ (a,b). Consider a function f: (a,b) >{e ‘) given by 
it ie 


f (x)= f(x-a). 


ha’ | 
It is easy to verify that f is one-one and onto, He 


34. Any closed interval [a, b| is a closed interval 
[c,d] where a#b & c#d a 


é 


35. Any two non-trivial intervals are equi 
intervals are non-trivial) 


5 atta, 
36. The set R of all real numbers is waa 


y, non-singleton 


__ Reason: To prove this, it is su 


)~R. Consider 
the function f:(0,1)>R egy | : 


f(x)= 


a 
orrespondence between (0,1) and R. 


be an open interval. We bend(a,d) 
nii-circle tangentially on the real line R 


abe 
as shown in 


oO. Pt 


Let P be a point of (a,b). Then, by joining P with the centre of the 
‘semi-circle and producing it to meet the real line at: P’ , we'can ea a 
point on the real line corresponding to each point of (@,5) ; an 
conversely. This establishes. a one-to-one correspondence between i 
sets (a,b) and R. Hence R is uncountable. 


neory. and Countablility 


ims acade 


WEGENERATING LOGICS 
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37. Any uncountable subset of R is similar toR. 

38. R~(a, b) Or [a, d] or (a, Bb] or [a, b) Also R~R” Implies 
R~C~R? = Set ofall points of the plane is uncountable where a # b 
_ Also(0, 1)x(0, 1)~(0, 1). 

39. Let A be any set with card4 =n then P(A) =2" > [P(N)|=2%0 =e, 
|P(R)|=2°. 


40. Set of all functions having domain 4 (countably infinite) to the co- 
domain B (containing at least two points) is uncountable set. 


Cantor Set tea SS 


For describing the Cantor set, we shall give the followingypre é imminaries on 
the ternary expansions of the real numbers in [o; chi is” needed: ‘for 


the arithmetical characterization of the Cantor set. 


In the ternary expansion of a real numt ‘ ‘digits ( sland2 . Thus 
: 
@ 
+24... where 
3 
3 
@),47.03, .., Wi ne i xcept for numbers 


in the ternary scale, x =0.a,a7q3... 


like. >, etc. The ternary expansion of oe ‘reg nul puinber i is unique. 


In the case of, we have the —— 


x =0.1000 ae, too. 0222 ... 


In the case of » we have the! 


The numbers pS and — 


Now consider the closed interval [0,1]. From[0,1], let us remove (54) 


which the open middle third part is of [0,1]. Then we obtain the intervals 
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[3] sna 2.1). Now we shall remove the open middle thirds of each one 
[| and 
3 
Le in 2 and get these intervals. ae ; aa 3 cal > and coil 
9°9 3 9IL9 34.3 9 9 4 


At each one of the succeeding stage, we shall remove the open middle third 


of. these intervals. That is we. take away (53) 


of each open of the remaining close intervals. If this process is carried for a 
countable number of times, removing the middle thirds of the left out 


intervals at each stage, the set of points left out in [0,1] }s-calléd,the Cantor 


ternary set or Cantor middle third. 


First note that any number in ($2) removed ih the First stage has the 
Pi) : “ey, ad 
expansion of the form 0.1la,a3a,... - For 1 all Bomabohe, emived i in the second 
12 i ee 
state inl 3| and [34]. 1 will occur in, the vont place i in’ ‘the ternary 


oo 


scale on the assumption 2 can be repres 


. manner, al the numbers removed inxthe. 


gid 


appear that only the end points. 


1 rar 1 
st] ste |+}—4+- 
3 E 9 
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Results on Cantor’s Set: 


wn 
Gy : : 
lL Aaqxixe cae »@, =Qor 2; is another expression of Cantor set. 
n=l 


2. Cantor set contains no interior point. 
3. Cantor set doesn’t contain any open interval. 
it is closed and bounded. 


Each point of cantor set 4 is limit point of A. 


Cantor set is perfect. 


Measure of Cantor set is zero 


SIDA 


Cantor set is uncountable. 


‘closed-and 
ss 
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CHAPTER 2 
POINT SET TOPOLOGY 


2.1. Definitions and Properties 
I Archimedean Property Of Real Numbers 


1. If x,y are two positive real numbers then exist a positive integer n 
such that ny > x. 


If x is any positive real number then there exist apositive integer 7 
such that n>x., 


TYR, % bi “ 
3. For any real number x, there exist an integer ristich that + <x 
. A a 


I Important Definitions 


Hy Re 

1. Upper bound: Let s be aby ; subsetvof, Rthén areal number M is 
called an upper bound of s if every ie ae is less than or 
equalto Mie. xSM VxeS. 


Example: S = {ie € x} 
Kn 


~~ 2 
“Then x<i VxeS 


“. upper bound of S is 
Lower bound: Let : 


Bounded Set: A:set SER is called bounded if 4 two real numbers 
m and’M such thayh'<x SM vxes 


Example: S ={13n € njuf-tsn € n} 
n : n 


ted 


12 US = a fA 
2 Lg HR AB tle 12 Sh 


Then =1<xs1 VxeS 
.. S-is bounded . 
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4. Greatest Element: If an upper bound of a set belongs to the set then 
itis called greatest element of the set. 


Examples: 


(a) S ={tine nh, 1 is the Greatest element of s . 
nr 
(b) S=(0,2], 2 is the Greatest element of s . 


5. Smallest Element: If lower bound of a set belongs to the set then it 
is called smallest element of the set. 


Examples: 


(a) S= {2 ine a) , 0 is the least element 0: 
n 


(b) S=[2,3], 2 is the least element of s . 


6. Supremum of a set: Let SCR, then, smiillest, oF ‘all the upper 
bounds of a set s is called‘ttie’S Siipremuin in OR thd se set 5 or the least 
upper bound (/w.) of the set s . 


Examples: 


1 
a) S=41,1+—,1 
(a) { Lite 


supS =2&2¢S 


4n+3 


() s= a men} 


supS=7&7eS, 


en greatest of all the lower 
: alled ithe Infirmum of. the set s or the 
greatest lower 


Examples: 


8. Interval: Let s be a subset of R then we say s is an interval if 
whenever a,beS such that a#b.Then V a<x<b=>xeS. 
Note: 


(a) 8S is not an interval if there exist a,b¢S,a#b and there exist 
such that a<t<b butres. 


(b) Empty Set and singleton Sets are intervals. 
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(c) If s is an interval and supS=8, infS=a then s_is denoted by 
(o,B).[o.B].[e.B).(o,B] (depending whether they are member 
of's or not.) 

(d) Length of interval = sup S—inf S. 


(e) An interval s is called an open interval if sups and intS both 
does not belong to $ . 


() An interval s is called closed interval if sups and intS both 
belong to s. 


Order Completeness Property of R (O.C.P.): Every non empty 
bounded Subset of R has Supremum and Infimum i in R. 


. Neighbourhood of a Point: Let SCR,a eR , We Say S isa 
Neighbourhood of a , if there exist an open int val “Such that 
aei and/cS, ae 


Examples: 
(a) R is a neighbourhood of eVéry-real niger. . 
(b) N is not a neighbourhood of any real Tuber 
. Adherent point: LetaeR and Ss eR. “then a ‘is called Adherent 


point of S, If for every 5 >0,(a-8, at ar at b. 


Lore, 


Examples: 
@) Se N, Then Set of all 


pints ha 5 is a 1 


. Interior Point ‘Let, SCR and @¢R we say ais an interior point 
of S if there exist 5 > 0 such that (a—8,a+3)cS 


Set.of all interior points of s. is denoted’by 5° 


Examples: 
(a), S=N , then no real nuniber is an Interior point of 5. 


(b) S=R or S=(0,1) then évery member of S is an interior point 
of s. 
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15. Exterior Point: Let aeR and SCR, we say a is an exterior point 


of S if it is an interior point of S° in R (where S° means 
complement of S in R). Set ofall exterior point of S is denoted by 
Ext S. 


Examples: 


(a) S=Q then no real number which is Exterior point of Q 


(b) S=[0,1] then set of all exterior Point of S is (-2,0)U(1,00) 


16. Condensation Point: Let ae@R and SCR, then a is called 
Condensation point of S if for every >0,.(@~5,a+5) must contain 
uncountable members of S . Hence if S is not countable., then there 
exists a point in S such that x is condensation point 6 


Example: 
“sy 


17. Frontier Point: a¢R is said to be a eRe Point of SCR if it is 
neither an interior Point of 5 nor an exterior Point of S . Set of all 
frontier point of s is denoted by FyS* 


Example: 


referred as int. Set of all boundary point of s is. 
denoted by 


Example: 
(a) S=R 

Then OS=FrSAS=oNS =o 
(b) S=N 

OS =Fr SAS =NAN=N 


19. Open Set: A set s is called open, if it is neighbourhood of each of 
its point. 


20. Closed Set: A set 5 is called closed, if it contains all its limit point. 
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21. Derived Set: Collection of all limit point ofa given set sis called 
derived set of § and it is denoted by s: 


22. Perfect Set: If s = s' then s is called perfect set: 


23. Dense Set: A set § is said to be Dense in any set X iff S=X.. 


Bolzano Welerstrass Theorem | - 


Every infinite bounded subset of R has a limit points os 
Note: Ne \ 


(a) This is only a sufficient condition for, ase! <a al 
unbounded infinite sets may haye limit. ce 


Example: s =% 
a 


“ ey Cention of mbasteaets cannot 
int. 


os tg 


a 
(ia 
“ 


it point i.e. 


ic Cond 
Example: S=Z does ees 


(b) S$ =[0,0) gure bound of s ‘does not exist and Lower bound 


of s is0 


(c) S=(0,1] then upper bound of » is 1 and lower bound of s is 0 
2. ‘Bounds ofa set may or mey not belong to the set. 


3. Ifa set has one upper bound / lower bound then it has an infinite number 
of upper bourtds/lower bounds. 


4. If£S is a bounded non-empty subset of R. Then inf S< supS 


Point Set Topology 
If SCTCR where S #$-then 
(a) lf Tis a bounded above then supS<supT (existence of sup is 


followed by O.C.P.) 


(b) If F is bounded below then inf S2infT 


For any two non-empty bounded subsets S,T of R such that Sc7; 
inf T <inf S <supS <supT 
For any two non-empty subsets S,T of R such that s<t VseS,teT 


then S is bounded above and T is bounded below and ‘su 


(b) inf(SUT) = min {inf S, inf T} 


If S and T are two non-empty subset “of. 
"Ry ss 


min{supS'supT } 


Example: 


pr 


S=[0,11U and T=[0,2] 
min {sup S,supT} =2 at 


SAT =[0,1] and sup($ 4 


as 


‘ sup{x eQ:x 
trary ititersection of bounded subsets of R is 

bounded. 
. A subset of bounded set is bounded. 
- If s and T are two bounded sets Then 

(a) sup{ix+y:xeS,yeT}=supS+sup T 

(b) inff&e+y:xeS,y eT} =inf Stinf T 

(c) sup{x — y:xeS,yeT}=supS—infT 
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(d) inf{x — yixeS,y eT} =inf S—supr 


(©) supfy:xeS,yeT = supSsupT (where s. and T are bounded 
subset of positive real numbers) 


()). infy:xe Sy eT} = inf Sinf TP (where s. and T are bounded subset 
of positive real numbers) poe 
16. Let\ S be a non-empty subset of R having supremum and |© 


T= (reR:x —aeS} ca[rerZites| vcr then 


supT =a+supS and supC = 2supS—a 
Example: 


Let S={1.2,3,4,5} then sups =5 and 


T={xeR:x-5e5}={6,7,8,9,10} 
Clearly supT =10=5+supS 
Define 


cmfrer tesla (531-1-3} 


Clearly supC =5=2 sup S—5 


17. Every bounded subset of R is contain 


18. Countably infinite set is not a nei Pome of its points. 
“19, -Non-empty finite set is not a neighb hood of any’ of its points, 


20. Empty set C) is neighbourho 


21. Every neighbourhood of a, 


22; Uncountability is necessary condition for a set to. be neighbourhood of a 


e 
bi 


of any of its points, 


May or may not be a neighbourhood of same 


aa 


Example: S 
r={2:nen} is ni 
a “! 
; PS AY. : 
25. Arbitrary union of fimi iy Of neighbourhood is also neighbourhood. 


26. If s and T are two neighbourhoods of point peR, then sar isalsoa 
neighbourhood of p 


— 


27, Finite intersection of neighbourhoods of a point is also neighbourhood 
of that point. 


28. Arbitrary intersection of neighbourhoods need not be a neighbourhood 
of a Point. 
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32. 


33. 


37. 
38. 
39. 
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_ There exist a uncountable set Sc R, such that sup S e'S*.and-inf S €S°, 


. A finite set has no limit poi 


. Example: § =§ (Setof all Nétural number),does not have a limit point. 


RATING LOGICS 


11 
Example: S,, -(-2.4} 
Then each S, is a neighbourhood of 0. 
But ()7,5, = {0} is not a neighbourhood of 0. 


There exist a countable infinite set SCR, such that sup 5 € S° and inf 
seS° 


Example: S=(¥2.N3)n@ then sup S=/3 € S° and inf S = V2 ¢S°. 


Example: S =(0,1) then sup S =1eS° and inf S=Q¢S° 


SeS° 


Example: s=fhin € nt} then supS=leS and i 


Ni 


4 


There exist uncountable set SCR, suchithat supS eS and inf Se S° 


4 me 


Example: S=(0,1] then supS ng date 


Intersection of the family of all neigybout! ds of ‘point x is singleton 
= iy diy “ Ria 


73 


Uncountable set must hayé limit point, 
Set of Isolated points of a set is always countable. 


Every limit point of a set is an adherent point of that set but converse 
may not be true. 


Example: 5 =" (Set of all Natural number) 


Then every member of s is an Adherent Point of s . But no member of 
S isa limit point of s 
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40. Limit point of a set s cannot be interior point of S¢ 
Reason: Let p¢R be a limit point of the set SCR and ’p is also an 
interior point of S° 
Then 4 e>0 such that (p~e,p+e)cS° then (p—e,pt+e) QS =6 thus p 
is not a limit point of S which contradicts the hypothesis. 


41. Every interior point of a set is limit point of that set. Conserve may not 
be true. 


Example: S=(0,1) then 0 is a limit point of the sets but not an interior 
point. 


42. Every interior point of set is adherent point of a se’ ‘ 
be true 


point of S. 


43. Interior point of S° cannot be limit oint 0 of Ss, ~ 
Pp 


44, Supremum of a set S (if exist) is either eiatestigmber i if So or a limit 
point of S ae sy 


45. Infimum of a set S (if exist) is either | Somer of 2) or a limit point 
of S 


is For-every set S, s is an open set. , 


4. S° is the largest open set coin 
48. ‘S and'T- are two set. Then ¢* _~ 
“ @) SeT>Scr 


(ii) (SATY=S°AT? 


(iii) (SUTP> S°UT? 


“49. For any subse 
50. Sis open iff 
51. Fo 


52, Sis equal to 
53..A set is closed iff ggmplesient is an open set. 
54. Thei intersection of aura ‘amily of closed sets is closed 


55. Finite union of. closed set is closed: 
56. Arbitrary union of closed sets may not be closed. 


Example: S, [pathy then each S, is closed set but 
2 n- ne 


He 


U5: =(0,1) is an open set. 


57. Every finite set is a closed:set. 
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. Derived set is always closed set 
. Derived set of a bounded set is bounded set. 
. If derived set (say) S’ is finite then s is countable set. 
61. Let s and T are two subset of real numbers. Then 
@) ScT>S'cT’ 
Gi) (SUT) =S'UT" 
ii) (SOT) cS'AT' (where S‘,7’ denote the derived set of 5 and 7 
Tespectively ) 
62. Non-empty countable set cannot be open 
63. Ifaset § is open then SS" converse need not b 
Example: S =(0,1] then Sc S'=[0,1] but s is 


64. If s is an open set and 7 is closéid-Sete-Ehen. 
closed set. 


65. Arbitrary intersection of open sets may a be’ pen. 


Example: S, -(-4. | then each a is open set. But AS, = {0} 
nn 


n=) 


which is not an open set. : : 
66, Every non-empty open set is ae 7 


67. Closure ofa set $ is denote Ss Sz ands = Su 
S and set of limit points o ; 


Some Examples: 


Set of adherent 


points 


“does not 
exist 


‘ does not 
exist 


doés-not exist does Dot R 
; exist 


does not 


does not exist. . 
exist 


| finenlufo) 
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Frontier Boundary 
points points 


"None oft its 
ok Points 


None of its 
Points 


‘None of its 
Points 


Each of its 
Points 


None of its 
Points 


(4,5) 


None of its 
Points 


None of its 
n) | foosig ne Nj Points 


end this table by themselves** 
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CHAPTER 3 


SEQUENCES OF REAL NUMBERS 


3.1. Definition 


A map from N to R defines a sequence of real numbers when the images 
are arranged in the natural order of natural number i.e., starting with images 
of n is followed by that of (7+c) ie, f:N—R isa sequence of real 
numbers and <f(a)>=< fl), f(2),... ) 


< f(t) > =< ay >< dy >, <Uy >, < Vy > 


Gy > =< Gy ,09,03,...>. 


When f:NOC, 


numbers. 


A aretieti 


Note: Amap f:S,,,) > R (1). Define a fini & ‘ 
as string (S,y denote the set of first 7 nag aber) Generally sequence 


is always infinite (i.e., non-terminating) ee a on finite set then it is 
given by (1). 


Range set of a Sequence 


n=]or prime 
else 


n=1or prime 
pin &pis the least prime 
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9. nig = Ay + Anis a =1, az=1 


10. ay49 =a, + dy41) where a, & a given 


Lh. yy, = 2+a, where a, =0 


12. <a@,>=2012 VneN 


13. <a,>= (- 1)" +s sin( =) 


Is 2 
-l-— niseven 


l+—  nisodd 


1 <a, > =COSn 


. <a, >= sin( +) 


na 


<a, >= Last digit of 3” 


Steet bt 
n ste 


Bounded Sequence 


<u, > is bounded if ther 


(a), Supremum and oye 
ofthe sequence.  * 


(b). If the range. of the sequiexi¢e <'q;, > is finite then there exist a < R such 
that a, =a for infinitely many values of n.however converse need not 
be true. 

4 =1or pri 
Heimaples- a, -{ n=1 or prime 
: n else 

Then. a,=4 for infinitelymany vahies of n but range of the sequence 

<a, >is not finite 
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3.1.3. Monotonic Sequence 


Let <a, > be a sequence of real numbers <a, > is monotonic if either 


Ay SAq41 VREN (Then the sequence is called monotonically increasing or 


non-decreasing) or a, 24,,, WveN (Then the sequence is called 


monotonically decreasing or non-increasing). 


If a, <d,4, Wn EN, then <a, > is called stricly increasing or increasing 


sequence. 


If a, >@y21 Wa EN, then <a, > is called stricly decreasing or decreasing 


sequence. 
Examples: 


(a) <a, >=<n> is increasing sequence. 


3.1.4. Eventual Nature of a Sequence 


1, A sequence< a, >is said to be event noone increasing if 


3 meN such thata,,) 2 4, Vazm. _ 


q 2 
: Example: <0,2,~5,3,7,8,9,10. hee i 
: Nec Af et! 


es 


2 A sequence < a, >is said togbe event ntually monotonically decreasing if 


3 me N such that Gna S Gy, 


Example: " 0, 2,1 - 


sequence if 3 meN such that 


A real number p is _ a limit point or a cluster point of a sequence 


if every neighbourhood ¢ of ‘p contains an infinite number of elements of the 


given Sequence: 


In other words, a real number p is a limit point of a sequence (an) if for 


any e>0, a, €(p~e,p+e) for infinitely many values of n. 


Remark: A real number p is not a limit point of a sequence (Gn) , if there 
exists at least one neighbourhood of p which contains only finite number 


of elements of (a,). 
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3.2.1. 


3.3. 


: ener set must nave limit point thus =e ce < 
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Note: 


(a). Limit point of a sequence need not be a limit point of the range set. 
Example: <a, > =(-})" 
Then {1,-1} is a set of limit points of <a, >but neither 1 nor-1 limit 


point of its range set. 


(b) Limit-point of the sequence can be obtained in three ways and they are 
as follows : ‘eid 


(a) Representation on real line. 
(b) If the range set has a limit point, then sequence has limit point. 


(c) if the range set is finite. 


> caisa limit point of the sequece. 


Existence of A Limit Point 


ea ng, 


Bolzano Weierstrass Theorem: Every bounded scouted ios a limit point. 


Reason: Since the sequence (<a, > say) i Is “oun feds, thus Range set of 
<a, >is bounded. oe 


Case I: If range set is infinite then by Bolzan caine! ‘Theorem for set, 
Shas a limit point. 


An =o for infinitely 
the séquence < a, >. 
ve 


hag 
Hence, « every bcehiied sequence j 
Application: 


cee reece 


Subsequence of a sequen s defined with the help of sequence of natural 
number. Consider a Tip N- »N defined by f(k) =n, and let <m >be a 
strictly increasing soquatice of:natural numbers. Then for any sequence 
<a, >, the sequence< aie efined as a.subsequence of <a, >. 


Example: Let <a,-> be any: sequence of real number. Then 
<9 4, ><A gp-1 P< yk >,< a3; > all’ are subsequences of <a, > where 


Kay >= <b, > = bj,b2,b5,... = 47,44 106 0g, 


Similarly <p > = Sly > = C1303 5035 Cg yee = Op, g sg, A4G5--- 


Thus <4, >is a sub sequence of <a, >and <c, >is a-subsequence of 
<b, >. 
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3.4. 


Complementary Subsequences 
Let <a, > and <a,,,> are subsequence of <a,> then define 
5, = {ng | EN} and Sy ={ry lay EN}, then <a, >and <a,,,> are 
complementary subsequences if 

1. SUS, =N 

2. SNS, =6 

Example: If <a, > is a sequence of real numbers. Then <a, > and 
<a, _, >are complementary subsequence of< a, >. 
Remark: Unbounded sequence may have limit point. 
Limit of a Sequence 


Let <a, > be a sequence of real number and / be argapanbes, (J¢R) then 


ieee 


we say /is the limit of the sequence ’< a, > if for airy => 0 Sm e Nuch that 


la, -(|<e Va2zm. 


Symbolically, we write it as lim a, =/or a, ~>7 


No 
Algorithm: To claim / is limit of a sequeiice es) 


1. Steer ee ie 


nm 
lim | —t |=7=" ~=-, provided b, #0 VneNand b#0. 
0 B, b e 
men [sim o, ) 


5. lima, =a@ Him (Ka,)=# lim (@,)= ka Vk eR-{0} 


nn 
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Remarks: 


(a) In view the results 1-5 we can. say that the. operation of limit is 
compatible with addition subtraction multiplication divison and scaler 
multiplication. 


(b) Converse of the above results 1-4 is not true. 
Examples: 
(a) Take <a, >=<n>and <b, >=<-n>, then <a, >,<b, > are not 
convergent 


(i) <a,+8, >=<0>, which is convergent. 


a SA, > ogee 
(ii) —+ =<~1>, which is convergent. 
> 


not convergent 


+ PY Be 2H 
(i) <a,.b, >=<(-)) a8 £5): ei Wage = 
(ii) <a, —b, > =<0> Which is convergent Saag 

.s 


(c). Every convergent sequence is bounded: a converse need not 
be true. . 


‘Reason: Let lim a, = 


no 


; Then for given e> 0, Jd ke Nsucl 


Then for given €31 mm N such that 


|a, -a\<e/2 Wn 
ja,—a'kel2 Wad my <; 


Take M =Max{m,,m2} 
Now,|a—a'|=|-a, +a+¢,-a'j 
> ja~a'|<1a@, -aj+}a, -a'| Vn2m 


<e/2+e/2=e Vn2m 


28A/11, First Floor) Jia Sarai, Hauz Khas, Near E:T. 
E-mi 


| 
i 
i 


“SP RIPNESRUET GARD 7 UE NONPARTISAN HME EOI Sn 


SRS ATEAE S 


SEG ENERATING LOGIGS 
‘An ISO 9001 : 2008 Certified institute 


(d) If lim u, =/=> lim |u, |{/| Converse need not be true. 
no 


(e) lim |u, -2{=0< lim a, =/. 
NO HD 


Sequences of Real Numbers 


Since €was arbitrary small. So e+ 0, a=a' 
Hence, limit of sequence (a,,) is unique. 


Note: 


() [is a limit <> every Neighbourhood of / leaves out only finite 
members of the sequence. 


(ii) Limit of a sequence is limit point but converse need not be true. 


NOW 


Example: Take (u,)=(-1)" then (u,|)=(1), is convergent but <u, > 


is not convergent. 


nn 
denotes the absolute value of 1;,) 


Note: 5 


oS a 
(i) The above statement of the result pi vides a second definition for a 
sequence to be convergent fig.,“a.sequence isconvergent if it is 


bounded and has a unique limit paint. ao 
(ii) Condition of the above, fesilt 


of be reldxed ic. if a bounded 


Application: 7 


mvergent as 1 and —1 are two limit 


points of 


>is not convergent as 1 and —1 are two 


if # 


(b) <4, >=<E 


n 
limit points of {b,,). 


2. An unbounded sequence cannot converge to a real number. 
Example: 


(a) <a, >=<mn> is not convergent. 


(b) <b, >= <(-1)" +n >is not convergent. 
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3. Ifa sequence has limit point, then it may not be convergent. 


Example: 

Consider a sequence <a, > = <1,0,2,0,3,0, 4,0,:...> then 0 is a limit 
point of <a,>but <a, > is not convergent as it is unbounded. 

(i) A monotonic sequence <a, > is convergent <> it is bounded. 


Remark: 
(i) Convergent sequence may not be monotonic. 


Example: 
(- 1)" . 
n : 


(ii) A bounded and monotonically increasing sequence, converges to its 


Hn 


supremum, Bh, 
(iii) A bounded and monotonically decreasing cequnge ed AVCTECS, to its. 
infimum. : , 


(iv) An eventually monotonic sequences >is scobieae its boutided 
(v) If <a, >.<b, > be two sequences, oaageh numbers ‘such that 


a, = Sy < bya S$ by Vn=m_ and (@jsbn) = = 0” .. Then 
lim a, = lim by. : a 
noo no , . nt 
‘(vi) Monotonic sequence can have at most tri poiti 


Application: ; 


decreasing sequence an 
(b) The sequence <da,, 
monotonically incre: 


as it is 


VaeN , then <a, > 


The sequence’ (Si i ‘by the. recursion formula 


a ie, i 
zafT = # converges to the positive root of 
ie : 


Then S, > S, SEetms suppose that Sy44 > S,- 


f | : 
& 5 
| — Phen 7+Sp44 sy 17+Sh44 > f7+ 5, => Shir SAS 


Thus, by the principle « ‘of mathematical induction, S,,,,>5, VaeN 
, and so (S,)is monotonically increasing. ; 


Again 5S; =V7<7. Let us suppose that 


Sy,<7 => f7+5; <V74-7<7 DShy <7 


Thus, by the principle of mathematical induction, S, <7Vn., and so 
(5,) is bounded above. 
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Since (Sn) is monotonically increasing and bounded above, so (Sn) 
is convergent. 


Let lim S,=/, sothat lim $,.) =/. {1} 


APO no 


Clearly />0. 


Now Spay =J7+5y => S24, =745S,- 


Taking the limit as n—-o and using (1), we get 
P=7+i >P-I-7=0. 


Hence / is a positive root of xe x-7=0. 


Solution: From 4,4) =~" 


which is quadratic in a, . Since this "eqhiation has real roots, 


therefore a”, -220 >a, 2V2vne € 


Thus the sequence (a,) is bounded elow’by. 


wa Sn 


Now % 


Hence lim a, = 


MPO 


v2 
3+ s2 


2 


VneN, then (s,) is a bounded and monotonically increasing 


(f) Let {s,) be a sequence defined by 5, =1, 5,4, = 


sequence and converges to V3. 
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«Sequences of Real Numbers 


Let x3,3, , . aré two ositive. unequal’ numbers and 
8. 11 Pp qi 


ves =S (in +342) atid y, = 4%, 17,1 ¥.n 22 Then the- sequence 
(x) and ( Yn) are monotonic and they coverge to the same limit. 
Gj) Every sequence (a, ) has a monotonic subsequence (Gy ) : 
{k) Let (a,,) be a sequence converging to /. Then every sub sequence 
of <a, > also converges to /. 
Reason: Let <a, > be a sequence of real number which converge to /. 
Let <a, >be a subsequence of <a, > 
Since <a, >> / 
So for given «> 0, 3meN such that 


la, —Z|<e Vazm 


= 1G, -le Vn 2m 


><a, 1. 
Applications: 


(a) Let <é, Sacks be 
so OR 


dd) A real numb s a limit point of a sequence {a,) <> there exist a 
x ‘ee 


" , subsequence (ang Pot (a,) denverges to 1. 


Remark: ; ‘ 

(a) Every bounded dequtncs has a convergent subsequence. 

(b) If each of the two subsequence (a2,.;) and (a),,) of a sequence 
(4,) converges to-7. Then’ {a,,) also converges to 7. (-- (a2n-4) 
and (a),;) are complementary subsequences of (an)) 

(©) TE (ayn) and (aon) converges to different limit then {a,) cannot 
converge. 
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Example: 
(a) Let (a,) =(- 1)" 


Since {a,) has two limit point -1 and 1. 


-. There must exist two different subsequences of {a,) 


Say (b,,) and {c,) such that lim 6, =land lim ¢, =-1. 
noo 


noo 


Hence (ay) is not convergent. 


(b) Let (a,)= (ay 4) 


Since (b, ) = (ay + x) is a subsequence 
n 


k ~. Lis a limit point of (ay) 


Similarly, (c,)= Ce orery 


and (c,) > ~1 


= —1 isa limit point of (a) 


Hence (an) i is not convergent) es 


() Let (a,) be a eo B20 oa real ‘ gunibers “such then 


site 2 V3 
othan a ) («id 7 


ny Gy—-2 for 


, then {a,) 


‘{a,) is defined as 
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Consider 

11 1 1 
6, -b,4 =) l-atet.t - 
aera [ 23 2n—1 =) 


(43 
2 


=> by > by 


> {b,) is monotonically increasing sequence. * 


is convergent. 


Since (a9,41), (aoq)*forms complementary sequences of (a,,) and 
converges to same limit 


. (a,)is convergent. 
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Advanced Analysis of A Sequence 


3.5.1. Limit Superior 


! Let {a,) be a sequence of real numbers which is bounded above. 
Define b, = sup {a,47,.-@y41,--+} 


by = sup{ay,43,4q,...} 


by = sup {a,, Bnd n+? vo} 


Then (b,) is defined which is monotonically decreasing. 


(a;,) is defined as 


ee 


lim a, = lim supa, = +00. 
NO 


Example: 


(a) Let (a,) =) Since it is not bounded above =. 


(b) Let (a,) =(-n) . 


b 


Clearly {a,) is bounded’séquence. (--1sa,<1 VneN) 
We have, & =sup{—1,1,-1,...}=1 


& =sup{l,—L,...} =1 


WW 
pont 


b, = sup{(-1)" yn a 
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Now inf {bj,b7,...} =1 


lim a, =]. 


(e) Let {a,)= (| 


Clear (a,) is bounded sequence. (- 0<a, <1 VneN) 


We have, 6 =1 
1 

by ae 

age 


na 


Now inf {b),09,...0y,.-$ =0 


.. tim a, = 0. os rw : 


" 3.5.2. Limit Inferior sh 


% & ee 
Let (2,) be a sequence of real numbers whightis Rowed below. 
Yee i 4 


Define g, = inf {4),0),...,0ns@neto--} 


1. €y =inf {ay,43,.-4 


mint {dy.anuis+} 
Thence, < cy $3 S...i 


Now, limit inferior of (a,) denoted by x lim inf (a,) is defined to 
ke z now 


dot b ynded below. Then we define 


lima, =—0 


q 


; is bounded below by 1. 


ey =inf {2,3,4,..} 


-. lima, =. 
(ii) Let (a,) = (-”) 


Since (a,) is not bounded below 
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n=lorprime 


n else 


{ Clearly (a,) is bounded below by 4. 


c = inf {4,4,4,4,4,6,4,..}=4 


ep = inf {4,4,4,4,6,4,8,...} =4 


! Cy = inf {ay y+} =4 


=> sup{c,c,...p=4 


lima, =4. 
‘ 1 : 
é ~]-— , when 7,is.eyen 
i : n igs on 
i (iv) (4, ) = ] 
i 1+— , when nis odd 

n 
Then lima, =land lima, =-1 


Note that [-1,1] 4 2(U)=0 enter (0) 8 denote the range set of the 
sequence (a, )) 


I} Note: 


P 
fe 
eo: 


Application: 18a, 


are land —Irespectiv 


Thendimit superior and limit inferior of (a, ) 


nce set'of limit points of (an) is S={1,-1} and 


supS=1,infS=-1. * 
: 5 35.3. Convergent Sequence 
d A sequence (a,) is said to. be convergent iff limit superior is equal to the 


limit inferior and they exist finitely ie. lima, =lima, =/(J¢R), then lis 
called the limit of the sequence {a,). 


Example: Let (a,)=(2012) VneN, then (a,) is convergent sequence 
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3.5.4... Divergent Sequence 


A sequence (a,) is: said to be divergent Iflima, = lima, = 0 (infinite) Or 


lima, = lima, => (infinite). 


| 
i 
| 


Examples: 
1. Let (an) =(n) 


2. Let (a,)=(-2) 


Note: 


1. Divergent sequence is unbounded from one side. 


Example: Let (a,)=(-1)".n , then (a,) iS 
ae igs ” 

ded above both but it yt tt eas lina, =~ d 

unbounded above both but it is not convergen sequel eas ity | oo an 


im, 38 = ~~ 
cra a oe 
3.5.5. Oscillatory Sequence ~ ' a: 


cy < 
A sequence (a,) is said to be oscillatory sequenc it Jima, 


3.5.6. Finitely Oscillatory Sequence Se 


A sequence (an) is said to, csi NE ' 


finitely and lima, + lima, on 


and.lima, exist 


Examples: 


“3.5.7, Infinitely Oscillatory Sequence 


a - 
e oscillate infinitely, if both Jima, and lima, 


A sequence (a,) 


exist infinitely and 


Examples: (a;;)= (-1)" J ne 
3.6. Properties on Limit Superior and Limit Inferior 


1. Let (a,) be a bounded sequence and ie R. Then lim supa, =I iff for 
. nwo 


each ¢>0 


(i) a, >7-¢ for infinitely many values:of n. 


(ii) a, <1 +8 for all except finitely many values of 7 . 
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2. Let (ay) be a bounded sequence and 7—eR. Then lim infa, =/ iff for 


Now 


each €>0 
(i) a, <i+e for infinitely many values of n. 


Gi) a, >/-¢ for all except finitely many values of 7. bs seaey 


Let {a,) be a bounded sequence and lim supa, =M@ . Then 


non 


ive) 


(i) There is a subsequence of (a,,) that converges to M. 


Gi) The limit superior of no subsequence of {a 


HW 


) can exceed M . 


ETB 


(ii) The limit inferior of no ae 


Yoon 


(iv) jim n sup( 4, Dy }Slim supa, | Jim n sup, 


Ht ay 


Equality hold ‘tien both {a,;), (8,) are sequences of positive real 


numbers and (a, ) is convergent. 


(v) lim inf(a,b,)> lim inf a,. lim info, 


no RD NPD 


Equality hold when both (a,), (b,) are sequences of positive real 


numbers and (a,,) is convergent. 


8588844789 
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3.7. The Sequence of Natural Numbers 


A sequence (ay) is said to-be sequence, of ignral number if its range set 


contains only natural numbers. 
Results Based on Sequence of Natural Numbers 


1. Every sequence of natural number has to be bounded below and has 
infimum in the range set. 


Reason: Obviously it is bounded below by 1. 


2. If sequence of natural number has limit point p. Then this p has to be 
natural number &a, =p for infinite many value of ni.e., there exist 


subsequence (Gn, ) which is a constant sequence suct “th: tg =pie., 


jas a 2 “Constant 


a sequence (a,) of N has a limit point = i 


subsequence. ‘i “sy 
a 
iad Y 
Reason: Since p is a limit point.-So, for eas, Prepte contains 
aint-Sa.for < a e ) 6 
infinite member of N=> a, =.p for inf mar of nda 


constant subsequence (a, ) = {p) )whicrconteges 9 p- 


Conversely: If the sequence (a,) ofN constant , sestiatis say 


(°n ) =(P) 


there exist meN such fh Ge =p ¥nem (peN) 


«.for any €> 0 


= 2 lan P| <€ Vn2m 


Soe (@,) is. convergent and-converges to p. 


4. Ifa sequence of natutal numbers is not divergent then it has constant 
subsequence. : 
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Reason: Since sequence is not divergent then either it is convergent or 
Oscillates. If sequence oscillates then it is either Oscillates finitely or 
Oscillates infinitely In both the cases, the sequence has limit point and 
hence it has a constant subsequence. 


If sequence is convergent then there exist a constant subsequence. 
Cauchy Sequence 


A sequence {a,) is said to be a Cauchy sequence if for any ¢>0, there 


exists a positive integer m such that|a, - Gyn | <e, whenever n2>m. 


Example: The sequence (a, ) = (rd. dota) is a Cauchy sequence. 
Wn 


Reason: Let e>0 be given and if n>m , 


m—-n 4 . 1 
= <—<e, providedm > —. 
nm on & 


Hence (2) is a Cauchy sequence. 
n 


me N 
M mee 

Example: The sequence (4, ) -( . 5) is abut séquence. 
n+ "ite accane 


Ny 


Reason: Let ¢ > 0 be given and ifn > ens we 


2 


Reason: Let n>, =n —m =(n-m)(n+m)>2m>1, 


whatever m may be. 


1 fi eee 
For € =5 , we See that there‘is‘no positive integer m such that | 


for all n>m. 

Algebra of Cauchy Sequences 

Let (a,),(b,) are two Cauchy sequence. Then 
1. (a,)+ (by) = (an + bn) is a Cauchy sequence. 
2. (a,)— (by) = (a, —b,) is a Cauchy sequence. 


3.8.2. 
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no. ~° % ¢ 


3. (ay). (b,) = (4p-by) is a Cauchy sequence. 


4. Ifeach a, #0 VneN and lim a, #0then af is Cauchy sequence. 
n> ay 


Remark: If lim a, =Oand each a, #0 where {a,) is a Cauchy sequence. 
APO 


Then aL may not be Cauchy sequence. 
a, 


Example: Let(a,) -() . Then (a,) is a Cauchy sequence but aaa (x) 
n a 


is not a Cauchy sequence. 
Cauchy’s Criterion for Convergence 


Statement: A sequence (a,) of real numbers is’ 


Cauchy sequence. 


Cauchy’s General Principle of See ve 
A necessary and sufficient condition for a sequence age Th) fo be convergent is 


that to each e>0, a7 ‘m such’ that 


there corresponds 


nip —In|<e Vn2m,p20. 
| +p il 


Note: This principle is used where 
guess can be made of the same. This 
of the sequence is useful for sages 


# 


Example: 


1 1 1 1 
>a +t. + (mi terms) = —.m == 
2m. 2m am 2m 


18343-4'& 9899161734, 858884473 


eee eh 
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2 fon = Gy] >> 


sequence. 


Reason: By Cauchy’s criterion of convergence, a real sequence 
converges iff it is a Cauchy sequence. We shall show that the given 


sequence (a,,) is a Cauchy sequence, so that (a,) isconvergent. 


| 

i | ; 

Ff This contradicts (1). 

t f Hence the given sequence is not convergent. 

: 11 1, 
i 2. The sequence {a,) , where a, =1 +a ay is a convergent 
4 : : ne 

| | 

| 

an 

| 


For 22m, we have 


lay - Am = fee renee : 
1! mt (m+1)! (m+2)! 


a ert nteapcapheaeabiaeie os 


1 1 
TE “(m+ (m+2)l 


; : 
lan ayn <s V n2=m, where m is a positive integer =>N. 


Hence (a,) isa Cauchy sequence and so (a,) is convergent. 


3. Let (a) be a sequence of real numbers and for each ne N, define 


Sq = Oy $y tot Aq, ty =|a)|+]a2|+...+]2,| (1) 


If (t,,) is a Cauchy sequence, then so is (s,,). 
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Reason: Since (tn) is a Cauchy sequence, for any ¢>0,, there exists a 
positive integer m such that |, -1,,|<eV n>m 


or [lar] +--+ lanl + fmt +--+ [a} {lanl + |aa| +--+ [aml <eVazm 


or Wlensal+|¢n+2|+--+ lanl] <e Vnam. 


(2) 
Now |s, —Sya|= [ami + m2 +t Gn] » by (1) 
s ast] 
<e V n=m,by(2) 
[sp —Spl<e Vn2m. 
Hence (s,,) is a Cauchy sequence. 


Some Important Theorems 
1, Cauchy’s First Theorem \ontimits: 


lim (4 + ay tte) 9 
n 


In General: Let lim a, =/. Then 
nv 


Reason: Let a, > Then tim: 


Since lim a, =0 , 
n> 


lim La, + 


NOR 


and 


=0, but Jima, #0. 


n—>00 
Cauchy’s Second Theorem on Limits: If (a,) converges tol(+ 0) and 


u 
a, > Othenlim(a,a9:..a,) “i 
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Rn 
Example: Let lim ( 4) =e.Then 
n 


Ro 


a l/r 

{263 (4? (n4ry 
limf—j—] j=] ..|— =e, 
nyo} 12 2 n 


a“ 
Reason: Let a, (1-4) ,thena, >0 VreN and lima, =e>0. 
n 


ny 


By  Cauchy’s second theorem oon limits, we have 


ye eee 


lim (,4343...a, 
no 


2 3 R 
Hence lim 2(2) 4) ( 
no] 12 3 n 


p00 so 
i , P % "eh, an Fi 
; lim (a, )"" = lim “24 , provided the later litnit.exist. 
i no n> Ay tim ony 


Sue em 
4, Cesaro’s Theorem: Let lim aS 5. = bwhere a,beR 


iG Oo 


i 
R 


“Sandwich Theorem: Let 
such that a, < aa Sep 


APO 


Ifa,20Vn 


SERENE BPSD I IAD 


awl], 


where / <1. then 


Application: 


(@ Let (a,)=(2".n"), then tim a"). 7? =0 
? (n+l) 


n 
Reason: We have a, = oe Ang = 


os lim Seth = lim 


N-PO . 


quences of Real Numbers 


(ii) If fx|<1 and meN. Then lim m(m—1)(m—2)..m—n+l) - 


n-»0 n} 


=n a(mon 
(mn +1)(m= n) 
(+1)! 


Reason: Let 


ntl 


Now lim “2th Gl aa (m—n) 


n0 Ay neo (n +1)! 


= n=) Aer vis 
n>w\ n+] taf : 


~ lim Ries 


=-x, ware a he | 
nO Ay i 


9. If (a,)be'a sequence of positive real numbers such that lim 224 =7>1 
a ND Ay, 


, then (ay) i is not. a bounded sequence and hence not convergent 
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10. Let lim ay =a, | tim n By =b, and(S,,) & (T,) are two sequences, where 
H->OD 


Sy ee ree anf, =min{a,,b,}. Then the sequences (S,) and 


(T, )are convergent and lim S,, =max{a,6}, lim 7, = min {a,b} ‘ 
noo : 


Ne 


Reason: For any two real numbers x and y, we know 
ax{x,ypoH(xty)+—[x— 91 (1) 
2 2 


min {x, y} = eid 
Taking = x= 


S,, = max [dy ,b,} == 


lim S, == Da 
RPO n—>00 


= 4{ tim ay + tim by) 


nn 


1 
=i (a+b) +> Him le 


We have Jim nC = lim (a, - 


non 


o oe 


N00 | 


(an ) = {1;1,1)..-) , which converges to 1. 
but (a,) does not converge to 1. 


13. Let (a,,) be a sequence such that a? >a’, then |a,|>|a| as n0. 
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CHAPTER 4 
SERIES OF REAL NUMBERS 


4.1. Definition 
We know about arithmetic and geometric series etc. A series of n terms is 


n 

denoted by the expression 1 +12 +...+u, or > u; . If the series has no last 
isl 

term, then such series is called an infinite series. 


Infinite Series: 


Let {a,) be a sequence of real numbers, then Die Sart a 
nm aR 


infinite sum of the members of the sequence, i 
numbers. It is also denoted by >a, - ‘ 


Example: 
(a) Dx, here («,)=(2) 
(b) Yin J 2) here (os)=(so( 35 


Sequence of P: rtial Sums 


ie 
“Suppose Un is an infinite series | 


follows: 
8, =a 


Sp =a, +a, 


S$, =a +d) +..+4,, and: Pe, 


series ) a, and then we Waite j itas.S = La. 


Divergent Series 

The series )'a, is said to be divergent, if the sequence {S,) of partial sums 
of Ya, is divergent. 

Oscillatory Series 

The series >\a, is said to oscillatory, if the Sequence (S,)" of partial sums of 
Xa, oscillates. 
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be 4.2. Necessary condition for convergence of a series 
3 if the series }'a, converge, then lim a, =0. 
é nom 


Remark: 


(a) Converse of the theorem need not be true. 


Example: Let Ya, = ee then lim + =0 but > is not convergent. 
cif 


noo 


(b) If lim a, #0 then Sa, cannot converge. 
n> 


Examples: 


(a) The series ltrtr? +..(r >0) converges if r<1 and diverges if r21. 
i (Geometric Series) . ; 


(b) The series 5°(~1)"" oscillates. 


Solution: We see that 
S,=1, Sy =1-1=0, S; =1-1+4<eT) 


Sq =1-1+1-1=0, S; =land so on. 
-. (5,) =(1,0,1,0,1,0,...), which oscillat 


Hence the given series oscillates. 


(c) Test for convergence of the series : 


@ Sey" 


inl, 
u 


a 


Be 


Gi) 5 sin j 


ns] 


Solution: 


By 
(i) Saint 8, 


nel 


ae 


SES 


oot 


The sequence (S,,) of partial sums of the above series is 
(26,64 00%...) 
Cane air a 


Clearly, timsup S, = V3 and liminf S, =0. 


It follows that (S,) is not convergent. Hence the given series is not 
convergent. 
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Telescopic Series 
Let (a,) be a sequence of real numbers. 
Define ,.=4, -— 4,4; and..¢, = @,4) 7G, 


Then >"b, and >'c, are called telescopic series. 
If (S,) denote the sequence of partial sum of the series She 


a 
Then 5S, = 8, 


rat 
=b +b, +...+8, 

= ay ay +a, a3 +a, Taya 
= & ~ Fn] 
Similarly if (t,) denote the sequence of partial sum of th 
Then ¢, =4@)4)—-Q, 
Thus (S,,) and (¢,,) are conerarat iff (a,) is ao 


Thus 575, and }’c, are éviiversen tt a (nPreeghetent 


ee oe oT 
Example: The series t+aataqt is convedben 
gt a 


Solution: We have, ae 


af 
(a 


A necessary and sufficient 
for: each e 


Let us choose m+ p=n> oN steer mm sen the greatest integer not greater 
than = ust +upag tnt, <= 

2 2 
But xy, is positive monotonic decreasing so 
(nm) ug < Ug yy Ug gg t+ My ae or a <se Levu, <é& Varn. 
Hence limmu,, =0. 
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Note: The condition nu, 0 is only a necessary one not sufficient condition 
i for the convergence of the present type of series. If nu, does not tend to 
i zero then the series ve, is certainly divergent, for example, the harmonic 


i series y= must diverge because it has positive monotonic decreasing 
n 


1 é 
terms and n.— does not tend to zero. However, nu, —>0 does not imply 
i n 


anything as to the possible convergence of yu, for example, Abel’s series 


Zz 


tcieeht eek oasis 450 


diverges although it has positive monotonic decreasing terms and 


! nlogn 

1 mu, > 0. 
| Example: The series ys 2442434. isnot convergent 
: n+] 2.3 4 7 vereen 
i Solution: We have u, =—0-=—1_ 

ut i+ 

: 1 1 
i lim wu, = lim ——=——=140 
‘ ne nom, 1 140 


Hence the given series is not convergent. 


» on 
Example: The series + e tat Fea _ 18 not couversent 
@: ; 


a 


Solution: We have 


1y" 1, (4 
Solution: Let u, -(2) , 80 that logy, ~Liog( +} 
un a n 


logl—logn —logn 


=logu, = 


ays © 
, Which is — form 
wo 


(by L'Hospital's Rule) 


8588844789 
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So a BE A a 


Now lim logy, =0 = log{ tim u,)=0 


nx NIK 


=> lim u, =e =140. 
NAR 


Hence en is not convergent. 


j 
/ 


45. Series of Positive Real Numbers 


Series with positive terms are the simplest and the most important type of 
series one comes across. The simplicity arises mainly from the fact that the 
' sequence of its partial sums is monotonically i increasing. : 


Let yu, be an infinite series of positive terms and {: 


its partial sums so that 
! S, = Uy tz +..+u, 20, Vn 


| c Sy—Sy4 = Uy 20 


ae 


=> 8, 25,1, Vn>1 


Thus the sequence {5,,} of partial sums of Psegihor posi ive terms is a 
monotonically increasing sequence. _— 


Since a monotonic increasing sequence carigither converge, or diverge to 0, 
_ but cannot oscillate, therefore, there ossibilities for a positive 
term series, it may either converge or ; 


Remark: , 


“(a) A positive term series converg: 
bounded above. me 


so that we have 


The sequence (S,) > even though bounded above, is obviously not 


convergent and as such the series is not convergent. The sequence (S,) 
‘has two limit points viz.~1 and 0. : 

It should be-seen that, in general, boundedness of the sequence of partial 
sums. of:a-series is only a necessary but not a-sufficient condition for the 
convergence of the series Dy, , and it:is.only for positive. term. series 
that this condition of boundedness. of the sequence of its partial sums is 


Series of Real Numbers 


as well asufficient condition for the convergence of the corresponding 
series. 

45.1. Test for Convergence of Positive Terms Series 

1. First Comparision Test: If )'x, and > vy, are positive terms series, 


k>0 and 3meN such that My Sky, V nm 


(a) > converges > Su, converges, 


(b) iu, diverges => > v, diverges. 


Example: Test for convergence the series} + = + a + el, tat ake, +. 
2? 3 4 n 


Solution: Clearly, n” > 2” forn>2. 


— 


ic, seriessswith” common 


5<l , 80 S1/2" is convergent. 


Hence by First Comparison Test 5 
n 


Example: The series ye" mean 


Solution: We know e* > x for x 


. ; , : aa? 
Since ule converges, Comparison Test, Se also 
3 gi 
W 


converges. 


Vr22. 


co) 


Since pe diverges, so by First Comparison Test, > 
n nay BN 
liverges. 
1 1 
(b) We know --—-— soy CO 23. 
n ? logn n 


Since ¥* ee converges, so by First Comparison Test, 
nh 
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converges. 
na n° logn 


Example: Test for convergence the séries: 
1 


(a) Hest pela tbe 
2! 3! nt 


OD 


raval 
Solution: 
(a) We know thata!>2"" vy n>2, 


Hlt tt being a aaa eries..ivith common, 


ratio 51 is convergent. Hence; by, First’ Compatison Test, ye is 
by “rl 
convergent. ta 


1 1 
We know—— < 
) vn! ox) 


The series on the Right Hand 
sf Sa . 
common ratio —=<1 is conv 


of for all positive | 


Series such as 7 i 
: Uns ten 


(i) “Diy, converges 7 


(ii) Siu, diverges => >», diverges . 


P Series Test: The series 2: is convergent iff p >1 
a _ 


Limit form Comparison Test: Let 5m, and dv, be two positive term 


seties such that tim “#.=7, (is finite and non-zero). Then >a, and 


ROY, 


>, converge or diverge together: - 
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Remark: If / =0or/=00, then the conclusion of the above test may not 
hold good. 


Example: 


(@) Let Yu, =S-Land yy, =d>. 
n n 


. ¥, . oR a 1 
Then lim —* = lim ->= lim —=0. 
ne, nay? nN 


< + U, Me ae 
Thus / = 0 and in this case 2 " converges and pa " diverges. 


| a5 Joy 
(b) Let }iu, Pa and yy, = : 


1 2 

ss U, . H % 
i Then lim = lim —= lim n= 
R72 Vy non H nw 


NO 


“ i Thus /= and in this case Yun diverges abd Da aaa 
5 


Yivanb, is convergent. 


1 Proof: As (a, -b,)° 20 = a? +02 -2a 2 OR 
>a + Vb 2 L2fanb, eS te . 

2 2 
LaDy em SS 


By comparison test, > fa,b, — 


ra = 
> 
A 


6. If >7a, is convergent. Th 


Since Ya 


convergent. 


ay, . 
=> 5‘ is convergent. Hence proved. 
n * P 


5 
a 


Example: Test each of the following series for convergence: 


1 3 3 
(a) —~+—— + +... 
1.2.3 2.3.4 3.4.5 


ee 


© Jeet 
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Solution: 


Eee 8 5 
a ++ 
@) 53 123” 2.34 3.45 
2n-1 


_ The .n th term of this series isu, =--——-7—, - 
n(n+1)("+2) 


For large values of n. u, ~ 
HAN n 


Let-v= 1 Then “= Gest 
an Vy n(u+1)(+2) 


-( 4) sion 


Now lim Mn _ 20 and finite. 
no VY, 


(b) i ere ar oer 
Vi2. V2.3 V3.4 


. The a thterm is u, = 


the 


ie aut, 
Nn in On 


Let v, = 


u, 
Now, lim —* # Oand finite 
m9 Vy “ee dial Seicea ary “5° ’ 
So Men and Xs, converge or diverge together by. limit form 
comparison test, 


Since ¥°y,, = Fp sive, so > u, diverges. 
" 
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Example: Test for convergence the series }'u, = aaa 
ft Fit 


Solution: We have, u, =———————— ~ 


meee 


| <u z 2n—-1 n n 
i Then lim -2= lim ,j- 
nev, noo nA 2n+2)\2n+4 


v2 1 


[ 
=—— =—= + 0and finite 


2.2 22 


comparison test) 


: i rae ee 
Since ¥'v, = ay CONVETges, SO the given'se: 
ne hn. 


at 
ei ors in 6B 


4, 
Example: Test for converges the serigs' ee 


j 
(n+2)(2n4 


peer 


Solution: We haveu, = 


, and }).v, converge or diverge 


verges; so the given series Ds mn also 


n 


Jasin Jani _ (Veet —vnmi) (Vn +n) 


Solution: We have-u, = 

: n n(vn+1+n-1) 
(Rationalize) . 

2 2 1 


n(Vn+i+Vn—1) n(Jn+vn) mn 


Let v, a ars? , So that >, converges. 
n 
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2a 


Now: lim “"= tim ——2¥?”_ 


Ht 
rey 1 (desledacl) | 


2 J 
iim ——--—~_-— = 1 # 0and finite 
noe f+ (1/n) +.f1—(1/2) 


So du, and >», converge or diverge together by limit form 
comparison test. 


| Since vy, converges, so the given series yu, also converges. 


Example: The series ¥° oe diverges: 
ip ATT ie ra 


n+evntl 


ae 


: 1 - 
sthen lim “== 20 and finité: 
nonv, 2 AL ie 


ity 


Example: Test for convergence 'the series 1s 


~ 


Solution: u, =Vn? +1 ay el = 


nq U, 5 
Now lim —2 = lim 
non Vy no 


= lim 


me Nea) +1 


cf 
Fo 4 
on test,>ix, and > v, converge or diverge 


& eo 
en series du, converges. 


© the gi 


Example: Test for 


Up ={(0 x)” nh j 


convergence the’ series whose n th term is 
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Now, lim ple : #0 and finite. 


NOV, 


So, by limit form comparison test Sup and »~, converge or diverge 
together. 


Since >'v, converges, so >, converges. 


Example: Test for convergence the series }'u, = 


n+l n 1 
Uy, = and v, =— >= ares 
n? nn? nP 


Solution: Let 


fay CS eS th (: 4) =1# and finite. 

nD Va nn I no nt 

So, by limit form comparison test vey and. vy, 6 
together by limit form comparison test. 


Now, Lele converges, if p-l>1i 


p-islie, ps2. ee a 


Example: Test the convergence of the seties Deeg 
Los OS 


Solution: We have u, =m : 
i nv 


sfidtie 
y 


Thus the two series }'u, and 
form comparison test. 4°" 


Since }'v, = > 1/ n diver; 


V3-1 V4-1 


‘ 
4-1 5-1 


Ant+1-1 


(n+2)-1. 


+o 


of thé giver:series isu, = 


im ————_— = 
eG) 
5 | 
nm 
So Xu, and >, converge or diverge together. 


Since }°y, = yo converges, so the given series converges. 
n 
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mr Fad ~ 
i). Lite converges tf i>l & i 
es 


is 


* : Sun: a 
Tf Me, is a convergent series of positive terms then a 


+a, 
convergent. 
Reason: Since Ya, is eonvetgeny so.lim a, =0. 
now 
q, . a : 
Let 6, =—* Wa. Then lim — = lim (1+a,)=1+0=1 
l+a, nb, n> 


Hence, >a, and vy converge or diverge together by limit form 


dy, + 
comparison test. Since a, is convergent, s0 Dby = eee is 


convergent. 


Remark: If van is convergent >> “Seonvergent 


a, 20 anda, #1 VneN 
Wn n 


Me a 
Pa “SD bY limit form 
—a, nae O, ene yy oy, 


Take 6, = then lim Fae Sioa, a, ) = 


comparison test, > a, & 4, converges, edhe together. Since 
ip Hh 


4, is convergent , so Ic is convergent 


Pe : 
D’ Alembert’s Ratio Test : Let D7 ibe res ive terth se series such 


l-a, 


that lim “*-=/ Then a 


ii) Yen diverge if <1 
(iii) Test fails if 7=1 


aoe ¢ 
. 


se say C2) 
Example: Test {c oouv +| =| +/———] +... 

PE EE ee 35) (357 
Solution: We have ; 


es |e eagaa T 123..n(n41) 7 
"357. (2n+1)} “atl =) 3 5.7..(2n+1)(2n+3) 


a3 
and ‘lim im a3] = lim) 
R=>0: 


n> Une aol n+] 


By Ratio Test, the given series converges. 
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. 2 
Example: Test for convergence the series 27 
n=l 
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1.2.3..7 


0.3244 


Solution: We have u, 


By Ratio Test, the given series converges. 
2 2 
Example: Test for convergence the series 


nv (n+1) 


) 
1.2.3..n(n+ 

Us 

mT 10.344 ces ro 


22.32 
+= + 


Solution: We have u, = stare 


nl 


n+l n 
and lim —+= gee! —— 
NPM, mo nt 


= lim (#+1). lim 
noo nn |+ 


n 


Hence ane series converges. Sy 


SE, where ris any ae 
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Bl 

# he 
Example: Test for convergence the.series )'—. 
n=l 


(n+)! 


(n +1" 7 


at 
Solution: We have u,, 2 Mast = 
wn” 


na (HHT)! 


n 
lim “2 - tim (144) ~e-2718>1. 
n 


NPS Uy 4) NO 


By Ratio Test, the given series converges. 


a Yor all positive 


t¥ 


values of x. 
. : yee ; antl Ay 
Solution: u, = (2n—1)! pr Una = (nat)! — Se 


Hy 4 Gael} 
Una x2 (20-1)! 


“4. (2n41).2n.{2n-I) 


Now 


ifive term series pant that 


t 


(iii) Test fails if / 


Example: Test for cirgece the series ee 


n=l 


1.3.5...(2—1) 1 


Solution: We have u, = : 
246.020 on 


? 


F _13.5 ... (2n—i)(2n+1) 
m1 "2.4.6... 2n(2n$2) ntl 


_(2n42)(n+1) | (ut ) (Qin) 


ae : aaa gece 
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=~ i Now lim —-=1 means that the Ratio test fails. 
+ i NO Uy at 
ow ] So, we apply Rabbe’s Test. We have 


of Un -1}=»| e290) | ce 
t 


n(2n+1) n+l 24 


ms pes [he 


and lim n| --1 e2sih 
awe (Uy 2 


Hence, by Raabe’s test, the given series converges. 
S135. (2n~ yy 4n+1 


Example: Test for convergence the series 


: _13...(22—1)(4n+1) 


Le: 


i Solution: We have u,, = 
i 2.4...2n(2n +3) 


yay 2n+1 4n4+5 4n+] Mey hn 


n+] 


ay ibys, Loaseea. oh 
hi = 
N>PUny 244 4 


i 
| Uy, _ 2n+2 Ant5 2n+3 
i 


By Raabe’s test, Yen diverges. 
10. Cauchy’s nth Root Test : Let >-a, be, 
lim (a, Ve =1. Then : 


no 


@) Dia, converges if /<1 
| Gi) Xe, diverges if7>1 
(iii) Test fails if 7 =1 


Example: The series X(" in 1)" converges. 


Solution: Let u, = (x " -1)" , so that (u,)"" =n" -1. 


Now tim (u, )” = lim rn” -1=1-1=0<1. 


no n=po0 


Hence, by Cauchy’s root test, the given series is convergent. 


Hence, by Cauchy’s root test, the given series converges. 


(2 n+5) 
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1 
Ua (uy 


Solution: We have u, =. 


Then (u,)"" = : = 


lim (11/vay" £ 


n>. 


Hence, by Cauchy’s root test, the given series converges. 


Example: Test the convergence of the series 


er - 
eae) ne ae 
P I 33 9; 


Now, (u,)!" = (4 


Hence, by Cauchy’s root test, the given series converges. 
Some Important Definitions 


1. The-infinite integral J Sf (x) dx is said to be convergent (divergent), 
‘ 1 
i . 
if lim | f (x) axis finite (infinite), 
t= 1 


99183434 & 9899161734, 85BBB44789 


o- 
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2. Let f(x) be a real valued function with domain [cof Then the 


function (x) is said to be non-negative, if f(x)20Vx21, 


3. The function (x) is said to be monotonically decreasing, if 


Sys f(x)=f(y) Vx,yefLof. 


Example: Let f(x)=1/x? . Then f(x) is non-negative and 
q monotonically decreasing v x >1. 


: 11. Cauchy’s Integral Test: If u (x) is a non-negative, monotonically 


decreasing and integrable function such that (n)=u, WneN, then the 


7 ~ 6 “he 
series )u, is convergent if and only if J u(x) dx is Convergent, 
i n=l : 


; Example: The series + 
i nan? 


if psi. 


Example: The series > 
n=2n(logn)? 


O<psl. 


gent if p >and divergent if 


Wea n=) n? +n. 


i Example: examine the ee series SS 


Solution: Let u (x)= 


x4 


Forx21, u(x) is non-negd 
function. Now 


Thus J u(x)dx is a convergent and so by Cauchy’s Integral Test, the 
1 


given series is convergent. 


— 1 
n=3 nlogn(loglogn)? 


Example: The series 


»(p>0) converges p>1 and 


diverges if 0 < p<1. 
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Alternating Series 
A series of the form’ ~w) +3... where u,>0: VneN is. called -an 


3 


‘alternating series and is denoted by yey up 
nal 


Example: 


= 1 1 
| Ls ae ea 
@ XC ) n 2" 


yr 
© LOM Sea 
("1 ti 
(©) as jog3  log4 jogs 


aa2 


nC ESA i REET 


satisfies 
thay Sty YH 


Gi) Jim Dy = 0 


Then, the series S°(-1)"" x, converges. 


a ; 
Remark: The alternating series aa ijL.not, be convergent if either 
Unat £Uqs V2 OT Pola ; 


as 


ae 
Pas 


Solution: We see ‘that’ - 


Sern 
: : . Hence, by Leib 
\ Absolute Conve: 


Then Yay is. called an ss convergent series. 
Example: 


is absolute convergent series, 


ai 

L 

inl 3 is absolute convergent series 
n 


ay" 
(c) A+ is not absolutely convergent series. 
n 
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Result: Let yz, be_-absolutely convergent series. Then vu, is also 


convergent. The converse of this is not true ie., a convergent series may not 
be absolutely convergent. 


Example: Consider the series Ye, =al—-—+r-—+.. 


We have seen that the given series is convergent, by Leibnitz’s Test but 


Wy 
w 
.— 


tol 1. : : 
Dhalsl+s+gte= Le is not convergent ic., )u, is not absolutely 


i convergent. 
4.7.1 Conditional Convergence 


A series Yen is said to be conditionally convergent, if 


(i) Yu, is convergent, and 


(ii) Sun is not absolutely convergent. 


Example: Test for convergence and absolute 
on (-y"" 1 1 


1 
=]-——+—-— 1+... forpS 0 
2 nP 2P 3P 4P ‘e 


Solution: Since p>0 and (n +1)’ >n?, so , 


——— << ty XV 
(n+1)? on? 


Also, lim u, = lim ine 0, since p> oe 


nem no 7 


oo (- ye 
Be Leibnitz’s Test, pea 
n? 


© (ay | oy : 
Now, >) =>) — is: converg nit 
nal 7 nap oP 


Hence the given series i 


=> tim Wel. lim 1 40 and finite 


nyo vy, nroV2n—l V2 


Since yy is divergent, so >) u, [is divergent. (by limit form comparison 
test) 
’ Hence Un is not absolutely convergent. 
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; : : S 
Example: Test for convergence the. series. )*(-1)" sine ,a being real 
nal 


number. 


jsin nol z a 


we wv 


Solution: We have |u, ( yu we isconvergent) 


Thus >"v, is absolutely convergent for all real values of «and so Yu, is 
convergent for all real values of o.. 


EN 
A . sim wx + COS RX 
Example: Discuss the convergence of the series ee a é 

n 


n=l 
Solution: We have 


Sin nx + COS HX 
n 3 
. 


|u, 


Since S’—— is convergent, so by First Comparison “Test, Ju nis 
“aa g cara a 


eis sieatt ie, Vien i is absolutely convergent. 


Hence "x, is convergent. 

Example: Test for convergence and akg or ‘the series 
os (ay 

2 ogee) log2 log3 


n=] 


Solution: We have, u, =——-—~ V 
“To aa 


1 
Ch ly, li = lim ———~= 
: cay = eiog(r 


Thus the two conditions: 
is convergent. 


Now we test.th: 


convergent. 


Example: The series 282 
2 


Solution: We have u,, = 


Since,. lim GED 6 no 
ae (n+1)° 
=> limu, =0 
no 


Now we shall prove that u,,,; <u,Vn. 
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27 e\_ 
logs pare pes (1/x}-2xlogx 
x x 


= fi(x= 1 2logx 


x 


t 1 
<0 V.x>el? [vs>e eo logr> be 1-210gx<0) 


f(x) is decreasing fuaction V x >”? 


f(u+2)s f(nt+l) Vn (-2+2>n41>e7 va} 


log(n+2) e log(n3:)) 
(n#27 (nti 
Ung, SU, Vn. 


Thus both the conditions of Leibnitz test are satisfied.and so'the.givel series 
is convergent. Tea 
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‘Function and their Properties 


CHAPTER 5 


FUNCTION AND THEIR PROPERTIES 


5.1. Definitions 


Function: Let 4,2 c R be two subsets of R. 


A function from 4 to B denoted by f:4—B is arule which assign every 


element of 4 to unique element of B. A is defined as a 


is defined as co-domain of f and f(A) is defined as 
F(A)=(f (ee Bive 4}. 


1, Equality of two functions: Two functions fi & 
if and only if 4 


ne 7 
“i, ae % 


(i) f,&f, have same domain D (say) Re 
(ii) A(x)= A(x) VxeD = : 


y +z be two 


oa NG 
aia X, yeY, zeZ. 


2. Composition of functions: Let 
functions such that (x)= y and g 


Then the function : 
ee =2(f f(x)) VxeX is known a of f and’ g and is 


denoted by sof ‘i 


(c) f(x)=log,x, Dod =R* 


(4) f(x)=log, log, x, Dod =(1, ») 


(e) f(x)=log, log, log, log, x, Dod = (e, «) 


6537527, Cr 
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Some well known functions 
1. Identity Function: The function defined by f(x) =x 


for all xeR is called the identity function on R. Clearly, the domain 
and range of the identity function are both equal to R. The graph of the 
identity function is a straight line passing through the origin and 


f 
! : 
1 inclined at an angle of 45° to x -axis. 


| 2. Polynomial Function: A function 
P(x) = ag tayx+agx? +..44,2", where neN, ani 
Then, is called a polynomial function. 
i 


Example: f (x) =x) +2x? +9 
3. Modulus Function: The 


imminent 


: 20. tee pM tea ; 
f(x) -{* **"" is called the modulus.function. The range is the 
x, x<0 a te Ng 


Properties: 


(ii) |xj2a> x<-a 


4. Th éatest Integer Function: Let f:R—R_ defined by 

f (x)= [x]=n Wiss x S3+1,2 EN, [x] indicates the integral part of x 

which is nearest HL sllest integer to x. Itis also known as floor of x 

a 2 . Domain of f is xeal number and range of f is the set of 


integers, 
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Example: (2.3023) =3, [-8.0725] = -8 


Properties: 
(i) [x]ax. i xeZ. 


(ii) [xe] =[x]4 rs if rez 


7. Exponential Function: Let'a be positive real number. Then the 
function f:R—R defined as f(x)=a* is called the exponential 
function. The range is the set of all positive real numbers. 

a janis 


vexteal’“humber, then the 


8. Logarithmic Function: Let ‘a’ be a posit 
called the logarithmic 


function f:R* +R defined as /(x)=1og, 3 
function. The range is the set R of all ret 


e 


teal mimbers 
So, 


eet 


F 
(iii) log, a” 


(iv) log,a=1 


(v) log ,m @= tog, 4 
+ m f 


(vi) logy a=5 u a,b#1 
- Og, : 


a 


b 


(vii) log, a= Tent a,b#1 & m>0 
OL m Stem 
+ (viii):a°8e™ = m m>0.& a#l 


(ix) gidbe 4 = pblsee 
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9. Rational Function: Let p(x),q(x) be-two polynomials. Then a rational 
p(s) 


ax) > 


function is a function f(:D—R defined as f (x)= where 


Example: 
(a) Let ¢:R~{0}R defined as f(x) =— 


(b) Let /:R ~ {0} + R defined as ¢(x)=+. 
x 
10. Signum Function: Let ¢:R — {-1,0,1} defined as 


im if x>0 
f(s)=4-L  ifx<0 

0, if x=0 
is called signum function. 


11. Trigonometric Functions: 
(Sine Function: The fun jon. Sat mead each real number x 
to sinx is called the sing iGtijHere x is the radian measure of 
the angle. The domain Sth é sine function, is R and the Tange is 


{-, 1]. 


@ Cosine Fun ie fuiiction that associates each real number x 

to cosx is calleddhe cosine function. Here x is the radian measure 

’ of the angle. Theomain of the. cosine function is R and the range 
is [1,1]. / 


Funetion and their Properties 


(ii) Tangent Function: The function that associates each real numbers 
to tanx-is called the tangent function. Clearly, the tangent function 
is not defined at odd multiple of 1/2, i.e. +2/2, 43/2 étc. So, the 


domain of the tangent function is R= {(2n+1)x/2|n¢ Z}. Since, it 


takes every value between —0 and « . So, the range is R. 


Xe Old 


defined at x=nz, neZ ie., 0,42, £2n, Sein “ath, So its’domain is. 


Neen 
. R-{na]neZ}. Since cosecx>1 of co8ee ine Therefore, range is 


wend 
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(vi) Cotangent Function: The function that associates a real number x 


to cotx is called the cotangent function. Clearly, cotx is not 
defined at xan, ne6Z ie., at n=0, tx,422 etc. So domain of 


cotx is R-{nxlneZ}. The range of f(x)=cotxy is R as is 
g 


evident from its graph in figure. 


nM 
a 


por pmsor pea 
ee ia ies 
asympiotes 


oe . 
12. Inverse arigonomierit Function: The Tiverse gonometric’ function 
sin"! x,cos"!x, tan"! x etc. are defined asthe inverse of the 


corresponding trigonometric functions, . For cXample, sin7)'x is defined 


as the angle whose sine is x. But since for each.value of sin™! x, there 
are unlimited number of values of the” ‘angles-whose sine is x and for 


values of x for which |x|>1, sin®, 1x dogs no not exist, Thus, we cannot 


define the inverse function of sin x oa WE MOK ity the definition of 
inx in such a way that it becomes iigction. If; wwe’ consider sinx as a 
function ftom [-2/2, 1/2] tof then it is a Bij ection. ‘Consequently 


sin7! x exists and it is a func m [+1, 1] to {en /2,n/2]. 


Similarly, the other inverse trigonometric functions can be defined. 


The domain And range of the inverse, trigonometric functions are 
stated below:,, Ki 


Definition of the function 


y=sin'  x<>x=siny 


y=cos)x<>x=cosy 


ystan x<x=tany 


y=cot! x <> x=coty 


[x 12] ys cosec!x <> x = cosec y 


y=sec x <> x=secy 
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i) 


’ unit towards left. 
». Example: 


Graphical Transformation 
1... When f(x), transforms to’ f(x)+a. (where a is +ve) 


RATING COGicS 


es f(@)> f(x)+a 
shift the given graph of f(x) upward through 


> 


units again, 
f(x)> f(x)-@ shift the given graph of f(x) downward through *a’ 
units 


Example: 


Le., eee S(x-a); @ is sade shift the tie BaRRVE (x) through a 
’ unit towards right / (x) eee to Ate » : 


ie, f(x) f(x+2); @ is positive. S ae io) through ‘a 


the-graph ‘of f(x) ‘a’ times along 


e graph of f(x) ‘a’ times along 
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Example: Plot y=sinx and y=2sinx. 


Solution: We know; y=sinx and f(x) a f(x) 


=> Stretch the graph of f(x) ‘a’ times along )- axis. 


y=2sinx = stretch the graph of sinx ‘2” times along y- axis. 


4, f(x) transforms to f(ax) << 


Le, f(x) f(ax); a> 
Stretch (or contract) the graph of f(x) 


again f(x) ~#(25} a>l, 
% 


Shrink (or expand) the graph of f (a) “asimes along: y-axis. 


y, 
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5. f(x) transforms to (-x) 


ie, f(x) F(-x) 


To draw y = f(-x), take the image of the curve y= f(x) in y-axis as 
plane mirror. 


OR 


“Turn the graph of (x) by 180° about y-axis.” 


OR 


Example: Plot y =e™* 


Solution: As y= e* is known; they ye” Pate image in y-axis as 


plane mirror for y = e* ; shown as; x. 


4 


6. f(x) transforms to 


ee ates 


by/430* about. x- axis.” 


) 
~ 
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Example: Plot the curve y =—e* 


Solution: As y =e" is known; 


y= -e" take image of y=e* in the x-axis as plane mirror. 
f (x) transforms to ~ ¢ (-x) 
ie. f(x)> —f (=x): 
To draw y =~/(-x) take image of f(x) about y-axis to obtain f{-x) 
and then take image of f(-x) about x- axis to obtain — f(-x). 


f)>-f-x) 


(i) Image about )~ axis 


(ii) Image about x-axis 


Example: Plot the curve y =—log(~x 


Solution: As »=logx is known; 
(i) Take image about y-axis, for, 3 sou 8) 
(ii) Take i image of y= log(~x) 3 abo! sa: x axis “Site for 


J (x) above sores it is. 


(ii) In the second step, take the mirror image of negative part of f(x). 
{ie the part of f(x) below x-axis) in the x-axis as plane mirror. 


OR 


Take the mirror image (in x-axis) of the portion of the graph of 
f(x) which lies below x-axis. 


OR 
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Turn the portion of the graph of. f(x) lying below x-axis by 180° 


about. x- axis. 


Graph af f(x): Graph for] f(x)}|+ 


Example: Sketch the graph for y =|sin xf. 


Solution: Here; y =sinx is known. 
Pen 


. To draw y=|sinx|{, we take the mirror image ( axis) of the 
Say aa, 
portion of the graph of sinx which lies belowrx, AXis> 


7 (%), transforms to £ (|x|) 


ie, f(x) F(a) 


the right of. y-axis as the plane mirror 


FEAa a AE eat FETE 


Gas leftward of the y-axis (if it exists) is 


sae ee 


Neglect the al x<0 
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Example: Sketch the graph for y =log|s| - 

Solution: As we know, the curve y=logy. 

©. y= log|x] could be drawn in two steps: 

(i) Leave the graph lying right side of the y-axis as it is. 


(ii) Take the image of f(x) in the right of »- axis as the plane mirror. 


ro 


y=log x] 


*X 


10. Sketching (x) =Minimum F(x).8( 


h(x) = Minimum {F(x),8(x)} 
(i) A(x) = Maximum {f(z),8(x)} 


[f(s when FEB 
zs Hol Lato when BFR 
acto . Sketch f(x) when itstgraph iSabove the graph of g(x) and 


sketch g(x) when its graph above the of: f(x). 


‘ Be 
©. Sketch (x) ‘when 


“We first draw the g of both the functions f(x) and g(x) and their 

points of intersections; Then we find any two consecutive points of 

intersection: In between'these points either f(x)> g(x) or f(x)< g(x) 

, then, in order to max{f(x),g(x)} we take those segments of F(x) for 

‘ which ¢(x)> g(x), between any two consecutive points of intersection 
of f(x) and g(x). 


Similarly, in order to min{ f(x), g(x)}, we take those segments of f(x) 
for which f(x)<g(x) , between any two consecutive points of 
intersection of f(x) and g(x). 
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Example: Sketch the graph of y = max {sin x, cosx} ~Vxe [-« . 


Solution: 


from the graph in the interval (-=7) and thén-darke: those dotted 

(hee a 

lines for which f(x) > g(x) or g(4)> f(a). i 

From adjacent figure the point of intersectionis"ate, ASB3C.. : 
. a 


.. Graph of max {sin x,cos x} 


Example: Sketch the grap! {le bbx-ipfa tty. 


Solution: 


First plot the graph for: 


y=|x],y=|x—-1}, y=|x+1] by a dotted curve as can be seen from the 
graph and then darken those dotted lines for which 


lxk{|x-1],1x+1p: - 

Jx-1]<{)x1,] 241} 

and |x+1}< {jx} |x=1)}- 

Graph for y=[xbhy=|x-1,. y=|x+H]. 


‘ANIL, (First Floor) Jia Saral, Hauz Khas, Near LT, New Delhi-1i0016, Ph.:'(011)-26537527, Cell: 9999183434'&: 9899161734, 8588844789 


E-mail: info@dipsacademy.com; Website: www.dipsacademy.com 


5.3. 


As from the above curve graph for » = min {[x—1|, [xl] x+1}} is plotted 


as; 


From above figure : min {| x—h, [xh] | 


Some Important Functions and Thei 
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5.4. Classification of Functions 


1. Algebraic. Function: A function pref Ciy‘is said ‘to be an algebraic 
function and set 5. cR, if'it is@toot of thé cquation of the, form 
Po(x)y" + py (x) 91 +t Pala ? 
Where p;(x) are polynowiat'in® te 


ScRis not ana 
fonction on § . 


Examples: 
“@ f@=" 
() f(x)=c", ¢#0,1 
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3. Periodic Function: A function y= f(x)is said to be periodic ifa/eR 
such that f(x+/)= f(x) VxeD.od and x+/eD.od. and such / is 
called a period of /. 


Fundamental Period: The smallest positive a<¢R for a periodic 
function f is defined as the fundamental period of f. 


Examples: 
(a) f(x)=sin x is a periodic function with set of periods {2na:neZ} 


fundamental period of f(x)=sinx is 2a 


(b) f(x)=tanx isa periodic function with fundamental period 7. 


Remark: 
(a) Periodicity is a domain based property. 
(b) A periodic function may or may not have 


Example: f:R->R 


amental:period. 


{(x)=eVxeR, ceR 
Then for any aeR, f(x+a)= f(x =e 


set of periods of fis R 


but fundamental period does oe 
(c) If a function f has a fun nee T . Then BA sab a 


“te has period (7, a.biod eR: i, 


(d) There cist a periodic > gtigh whose fandamental pérdd does not 


exist but set of period en dense in R 


Example: f :R-> 


() if Ashi 2° 
respectively 
combination. of} Tis is is 
the period of f/s. 


AL.COM. of 15T;..7, exist. Then their finer 


periodic function and their L.C.M. decide 


“42° Gn HF {9),925-59n} 


(g) If a1,a,..,0, are irrational numbers, obtained by multiplying 
same irrational number by different rational (non zero) then 


LCM (04,012,005 0y) = L-C.M (Rational multiplied by that irrational) 


LCM {ps Pays 
@® om 2 2. fh mae en a LCM IPL Pa» Pa} Pay Pa} 


(bh) L.C.M of rational and irrational numbers is not defined. 
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Examples of Periodic Functions: 
(a) f(x) = sin (2) is a periodic function. with period 6x. 
2 


Reason: Since period of sinx = 2a 


-. petiod of sn( =] =2ax3=6n 
(b) f(x)= sin? x has period 7. 


~cos2 
Reason: Since sin? x= — = 
as cos2x has period x 

eres 
sin? (x) has period = =n 


(c) f(x)=sin? x has a period 2x 


Reason: sin? x = £(3sinx- sax) 


Sux se 
=—sinx-—sin3x 
4 4 


since Sain has period 2n 


1 in33 has ages oy 


=) has period cu 
d rs Tm 


also L.C.M (2, his Pe. 


2. f (x)is periodic fahétion with period 2. 


Notes: 
@) Sum or difference of two periodic function may not be periodic 


Example: Take f(x)=sinx, g(x)=x~[x] 
Then f.and gare periodic function with period 2nand 1 resp. 


But-f (x)+ g (x) is not-periodic. 
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(by Sum of two non periodic function may be periodic function. 


2 


Example: f(x)=x°, g(x)=-x° VxeR 


Then f and gboth are non periodic functions 
But (f+e)(x)=f(x)+g(x)=0 VxeR 
is a periodic function. 


Sum of two periodic functions (having their fundamental periods) 
may be periodic but fundamental period may not exist 


Example: f (x)= sin” x, g(x)= cos? x both are “periodic functions 
4 ae 


Reason: Since g is periodic, “so 


g(xt+a)=g(x) VxreD xtaeD. 


nese 


So (fog)(x+a)= f(g(x+a)) 
= F(8() 
=(fog)(x) Vv xrepbd. 


(e) Algebraic functions § 
function. 


Bounded Function: 


bounded if and only 


ge ig finite =f is bounded. 


a ry 
(b) For a function to’ eunibounded, range must be infinite set. 


(c) fis unbounded on S@VneN 3 x, €S such that 
: | HT (%, 1 Dn. 
te, ( t (Sn )) is unbounded. 


(d) Sum, difference and composition of two bounded functions is 
bounded function. 
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Then f is unbounded. 


Reason: ForallxeN, 3 a [0,1] such that 
an 


s{2)=n= (fou) 


=> Ne f([0,1]) 


=> Unbounded set contained in f ({0,1]) 


=> /{[0,1]) is unbounded. ee anes i 


Monotonic Function: Let §¢ Rand ies Sp then 


(i) _f is said to be monotonically increasing if one < < af 
Ne 
: ee 


(if strict inequality hold theni;“f ean strictly increasing 
_ function) 


=> f(m)s f(x) Vx 


". 


My <a 


fnnncenttf oncom 


Notes: 


(a) If ; fois monotonicall: increasing.(decreasing) function. Then —f is 
monotonically. decreasing (increasing) function. 


(b) If f.:X, >. X, is monotonic on X, and f,:X,— X; is monotonic 
on X, then f,of; :X,— X; is monotonic.on Xj. 


(c) Sum of two monotonically. increasing ce) fonction is 
monotonically increasing (decreasing). 


(d) Difference of two monotonically increasing (decreasing) ‘function 
ee increasing (decreasing). 
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ATING Losics 


Example: f : [0 


S(x)=sinx, jax vae[oe| 
Then f and g are monotonically increasing functions but 
h(x) =sinx—x is not monotonically increasing function. 


(e) Product of two monotonically increasing (decreasing) functions 
may not be monotonically increasing (decreasing). 


Example: f :R— R defined by 


reefs x<0 


3 x20 


and g:ROR 


~7 x<0 


seo-{2 x20 


But As)e(sl=| 


0 xs0 
6 x>0 


is not monotonically increasing, 


0) poy increasing function. 


@) f(x)=x? on R 
(b) F(x): 


(c) #(x)=|x| on R are even functions. 


_ Examples of odd functions: 


(a f¢ (x) =sinx on R 
{b) fixja¥ onR 
(c) f(x)=x? sin(x) on R all are odd functions. 
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Remark: 
(a) The graph of an. even function is always syrametrical about y -axis. 
ie; the curve left-hand side of y-axis is the mirror image ‘of the 
curve on its right hand side. 


i 


(b) The graph of an odd function is always symmetric in. opposite 
quadrant. iz, the curve in the first quadrant is identical to the curve 
in third quadrant and the curve in second quadrant is identical to the 
curve in fourth quadrant. 


(c) If f is a even and differentiable function on R. Then f'{x)is an 
odd function. 
(d) If ¢(x)is an odd differentiable function on R, then f'(x) is an even 
function. 
Limit of a Fanction Be arn ' 
General Principle For Existence of Limit (GPEL ) . 


Let SCR be a subset of Rand x=a is.a Limit pe fos.(may or may not 
be member of S ) 7 * i 


Sg 


Let 7:S3R ay 


Such that doe 
XX € {x0 <|x- a|< 8} =>|F( (4) aS 


Notes sted meted is rather useful to rie A ae not rapt 


=|1-1|=2¢e=1. 


Xa 


‘or the existence of limits, lim sin 
xa x-a 


xEQ 
-1 xeQ 
Then limit does not exist at any real number. 


Solution: For any a¢R.and for any S>0, 3% ¢Q.and x, —Q° and 
2 €(a-8,0 +5) such that 


Lf a)- FG) fle 2 


REGEN 
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3. Prove that lim Vx =Ja for a>0. 


xa 


Solution: The function (x)= vx is defined for all non-negative real | 
i 


numbers. Since we consider the interval (a-8,a+5), we can choose 


0<8<a. Now V¥x+Va>Va. 


Now Ws -Va|=|= <zek- al<e, if |(x- a)|<eva. H 


eal 


Hence, we choose § = min (ae Va ) or any other smaller positive real 


number. Hence if 0 <|[x-a|< 8, then we have 


5 eva _, 
Wx ~ Ja|< ee a<se< a 


4. lim xsin-4 =0 


x0 x NS 


Solution: Here eae) =xsin(I/x). 


| f(x)-0|<e whenever 0<|x- 01<8. 


an 
poses x; 


We, can inichiaase 8=c, Then ate ave rans 


2 th 
esin =|x| 


Now, | f(x)-0|= 


ree 
Hence, lim xsin—=0 
x90 x 


5.5.2 Second Definition 


(a) If we can find tw ences (a,) and (,) in S converging to a but 
f(a,) and f(b) ep erging fo different limit, Then we say the 
function has no limit at 

(b) We can say limit does not exist at x=a if we can find a sequence (a,) 
in § such that (2,) > a and f(a, ) does not converge at all. 


=o or limit'does not exist at x=a. 


Examples: 
(a) f:R ~ {0} -> R defined by 


F(e)= sn( 4v eR ~{0} 
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Definition 2: A function f(x) is said to approach M as x approaches a 
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Then limit of f does not exist at x +.0.. 


Reason: (a,)= Be is a sequence in 5 = R.~ 0} such that 
a ql 


f 


(a,) 0 but £(a)= s{4)= si + =sin(n) 


nh 
does not converge anywhere. 


(b) f:R-—R defined by 


Then a, >0 and b, >0 


But f(a,)+1 and f(b,)— -1 co 


() £:R~{0}—>R defined by et 


The site Leis called thaeht hand limit of f at a. We write this as 
lim f(x)=Z. Note that for the existence of the sight hand limit F(x) 
x-at 


should be defined in (a,a+8). 


from the leftor from below if given ¢>0, there exists 8>0 such'that 


If(z)-M|<e whenever (a— Berea). 
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The number M js called the left hand limit of f at x=a. We write this as 
lim f(x)=M . Note that for the existence of the left hand limit f(x) 


xa- 


should be defined in (a - 8,2). 


Note: We say limit exists if right hand limit & left hand limit are equal. 


Example: Evaluate lim 1) and tim Lat 
x-70- X xt X 


Solution: By definition, 


[x|=x,if x20 and |x]=—x,if2<0. 


‘ x ; é i 
Hence lim Lx does not exist, since -1#1. 
x0 xX 


Example: Show that LS 


dag bell Hes 


Hence Tim (x+ (*)) 


yea Le, if f is unbottdeld on sorne neighbourhood of c => limit at 
c does not exist. 


1 
lim— does not exist. 
x00 x 


3. lim f(x) and equal to a real number 1 both left hand limit 


lim f(x) and right limit ee f(x) exist and are equal to J. 


xa" 


4. Algebra of limits 


For example ; 


New Delhi-110016, Ph.: (011}-26537527, Cell: 9999283434 & 9899161734. 
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Let Sim a f(x) =1and lim g(x)=m 


ana 


Then 
@ tim (F(x) 8(s)) = lim f(x) tim ¢(x)= 


Gi) tim (F (2).8 (x)) = tim (f(x). tim (g (x)) = 


lim f(x), 


(iii) lim a. “im a=) — provided m#0. 
xa Blx m 


Example: 


sin x 


~ dim = 


root vx . 


Solution: 


. sinx . sinx 
lim =! tim ‘ 


Example: Evaluate lim 
x90 el 


Solution: Now when 


Vx 


x3 0°,1/x > -w,e"* 30. 


oa i 
= seine 
xo0* 1+e7"* 


(Ans. Tim e* e* sgn (x+ bs), des not exist.) 


5. If f and g are setup on a deleted neighbourhood of a point @ and 
f (x)2¢(x)V xe D then lim f(x)2 lim g(x) provided limit exist. 
xa xa 


6. Sandwich Theorem for Functions: If function f,g and 4 are defined 
ona deleted neighbourhood =D of a point a such that 
f (x)22(x)Zh(z)V xe D and ‘lim f (x)= lim A(x) =7 , then tim g(x) 

ia roa xa 


exists and equals to /. 
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7. Let f be strictly increasing on 7c R then ft) exist and is strictly 
increasing on f{/) 
Reason: Since f is strictly increasing on /, it is one-to-one on / and 
so f7! exists. To prove that f~' is strictly increasing, let », < y2 be two 
points of (7) and let x = 77 (») and x = f7 1(y,). We cannot have 
% >%, for this will imply y > ¥ contradicting our assumption. Hence 
the only alternative is x, <x, which means f Tin)<f “'(y)). Hence 
f°) is strictly increasing. 


8. If fis monotonic on (a,b), then for each ¢ in (a,b) lim f(x) and 
“ xa 


lim f(x) both exist may not be equal. 
oT 


9. If f is monotonic increasing on (a,b), then for r eat 
eae 


lim f (x)= sup aie) FO inf yf) fe. 


xc xe(a.c) 


5.5.5 Some Important Limits 


(i) tin(14++) aa ae! 
xO ae XPD x 


lix _ 


Gi) im im (t +x) 


x 
iii): tn (1-2) = lim 


LPO x 


5.5.6 Infinite Limits and Lim 


@) ‘A function f is said t6'tend to 1 a8 x-» » if given e>0, there exists 
a positive number & such that | f(x)-/|<e whenever x>k 


Also then we write lim f(x)=/ or f(x) / asx. 
x0” 


Gi A function f is said to tend to /as x > -w if given e>0, there exists a 
positive number & such that | f(x)-/|<e whenever x< -k 


Also then we write lim f(x)=/ or f(x) / asx. 
x90 
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Function and their Properties 


(iii) A function fis said to tend to » as x tends to a, if given k>0, 
however large, there exists a positive number 6 such that f(a)>k 
whenever 0<|x-a|<é. 


Also then we write lim f(x)=20 or f(x)-> 0 asx->a. 
xa 


(iv) A function f is said to tend to - as x tends to a, if given k>0, 
however large, there exists a positive number 6 such that ¢ (x) <-k 
whenever 0<|x-a]<6. 


Also then we write lim f(x)=-o or f(x) -w asx a. 
xa 


| (v) A function f is said to tend to 0 as x4 if given k>0, however 
| large, there exists a positive number K such that A -. whenever 


x>k 


Also then we write lim nf (x)= or f(x) > as 


x! e 


a 
A function f is said to tend to +0 as x 0 iP givei n> 0, however 
large, there exists a positive number-K.such ‘hat “(ye %-k whenever 


{ x>K ye 
mo ence F 
Also then we write lim f(x)=~v or, At) ‘Sine as > 00, 
| ped rs 
(vii) A function f is said to tend to o as Neaiisiens rt >0, however 
large, there exists a positive numbef"K ea f(x)>& whenever 
x<-K. % ne 
Also then we write lim f(x)= wr f(s) $m asx > 0, 


x0 


fanctibn. fis said to tend, 0x0 =~. if given Kk >0, however 
large, there exists a positiv number 7 such that f(z) <-k, -whenever 
x<=-K. 


al 


— 


Or x< <-0|< 


Examples: Show that 


@ tim L460 
a 


Gi) tim date 
x-70- ¥ 


Gi) tim 4+ 40 
x90 x 
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Solutions: 


(i) Let M >0 be any large number. Let §=1/M. 


Then 0<x<8 => ee S45 
x 8 x 


2 ip 
Hence lim —=+0, 
x-0+ X 


(ii) Again -S<x<0 “=> - -~M> <-M. 


: J 
Hence lim —=-%, 
x30- X 


Note : lim a: does not exist. 
x70X 


Gii)Now -8<x<5 => Jat => so. 
ea x 


: J 
Hence lim —-= +0, 


x30 x? 


2 
< 2 4 
Example: Find lim Z : 
xe x" + 7x 412 


Solution: Dividing numerator and denominator-by,, x *, we get 
, e 
x4 1-4/2 


= lim —— oh, 


ener) 
xx 7x12 F914 7/x+i2/ x 


“14 lim (1/2?) 


‘% x0 
147 lim (1/ x)+12 lim (1/2? 
xe 4 LOe 


_ 1-0 1, 
14040. 


Example: Evaluate lim =; 
x20 


It follows that ¢ . (1) 


1 


=> ae + 0 
ae 


Again x+0- att Se Y¥ +40, by (1) 


x 
1 
Sar He =e! +0. 
@ x 
Hence x > 04 = e7'* 3 Oandx 3 0- =e? 30. (A) 
Mx 
. e*-1 Q-1 , 
We have lim ay 2) using (A) 
xd e/a] O41 
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tre 1-0 
Tay rade teers 140 


=1, by (A). 


= Panes not exist. 


xel’* 
Example: Show that lim 
x0] 4 e!* 


lx 


Solution: We know that x->0+ > e""* 50, 


and x 0- =e 50. 


Vx 
xe 0.0 
have lim Se 
We x90-Jae’* 140 


dix 


ik xe 
and lim 7, = jim 
xo0t [pel x-30+ ees 


x 


xel* 


Hence lim = =0. 
x90] 4 el" 


Example: Prove that tim mous 0. 
x0 x41 


Solution: Let f(x)=1/(x+1) and let ¢>0 tecdict 


Tet 1 ne ates ~~ 
Ir(2)-=—5<2<e if x>- oN 


é 
Taking k =1/e. Then, we see that 


e 


Pioatples Evaluate lim — 
x30 HW 


Sas 


Solution: Right-han 


and Left-hand limit = 
Since right hand limit + + fehl limit; so tim a] does not exist 
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CHAPTER 6 


CONTINUITY 


6.1. Definitions: 
Let SCR be a subset of R and f:S—R be a real valued function. Then 
we say /'is continuous ata eS if any of the following condition is satisfied: 
(Gi) aeS-S' (i.¢.c is an isolated point of S ) He 
Gi) aes" and lim f(x)= f(a) (ic. limit of f exist at. 

the value of the function) 
Remarks: 


(a) If any of the condition fails ata pointthen teresa wf is said to be 
discontinuous at that point and the point called a “point of 
discontinuity of f. 


(b) If limit point of 5 is not member a 
discontinuous at that point. NY “~ 


Seana 


Example: Let f:R-{i}-> R be defied as p See sinx. Then at x=1, f 
i i is discontinuous function. = 


Retails Let f: r-fo, UB} 
continuous at x=3. 


Example: The function 
3 : 0 x=0 


continuous atx =0. 


+0. Also, f(0)=0. 


xell* 


ROR defined by f(x)=4]42"’ , is 


Example: The functioi 


continuous at x=0. 


' Solution: We have lim f (x) = li in =0 
x01+e 
: + tim (x)= £(0) (+ £(0)=0) 


He f is continuous at x=0. 
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; ae 
Example: The function f:R—>R defined by S(x)=sieelt? ae ,is 


0, x =O 


continuous at x= 0. 


Solution: We have, lim f(x)= lim —~-=——=0, 
x0— x90] els 140 


—lix 

: j x xe 0.0 

tim f (x)= lim = lim == 0, ( 
im SC ) x04 [4 e!* — x0r el! 47 O41 


Also, f(0)=0.Hence f is continuous at x=0. 


a A ae Ri Rm ens 


point. 


Example: Let f be the function definéd*on R 
x eR .Determine the points of discontinuity of . 


ee. 
me 


f(x)=x+0=x, for Osx<l f(z)=x41 for kgs 225 se 


| Solution: We have, 


oak 


f(x)=x+2, for 2¢x<3:f(x)= 143s, ae 


and so on. 


We have 


and so on. 


Thus Tim: f (x)# tim f(z) 


Hence the points of discontinuity of f are 0,+1,+2,33.... 


Second Definition of Continuity 
"Let SCR and: f:S5—>R be a function then we say f is continuous at the 


point .ceS<> for every ‘sequence (@,) in S ‘such that” 
(yn) 90> f(%,) > F(a) 


Floor) Jia Sarai, 


OG 
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Remarks: 

(i) If we can find two sequences {a,).(b,) in S-such that (a,).(bn) 
converges to a but f(a,}. f(b) converges to different limits. Then f 
is not continuous at x= a 

(ii) If we can find a sequence (a,) which converges to a but f(a, ) does 
not converges at all. Then f is not continuous at x=. 

Examples related to above definitions: 

(a) Let f :[0,1] > R be defined by 


x=L£e[0.1], pg eZ* 
q 


EE 
flay 
0 otherwise 

Then f is continuous at every irrational numbe : 
discontinuous at all rationals except 0 . 4 

(b) Let f:[-1,1] > R be defined as, 


f (x)= 1+ p? 
1+ 


Then limit does not exist on [-1,0), $0 fi igertinnons¢ on [-1,0) 


i 


Hence, f is continuous on ( (0,1) yo oar off 
(c) Let f:R— R defined by 
rorl 2 
Then, f is not 
(d) Let f:[0,1]+]9,1] defined 


=0 or elo ag’ 


Then f is continuous 
_ all rationals excep' 
Note: Let f: ROR 


seo) xeS 


i irrafional i in {0,1] & 0 and not continuous at 


a function defined by 


(x), xe5 
Where 4,{x),62(x) are continuous function on their domain and S is 
any dense subset of R. 
Then roots of the ee 4, (x)~ $2 (x) = Oare on! ly point of continuity 
of f. 
Also if the roots are repeated then is differentiable at that point also. 
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Example: 
(a) Let f:R—R defined by 


x’ =1: xeQ * } 
folnph ee | Cae 


1-x5 § xe Q° 


Then -f is continuous at x =1,-1 only. 
Reason: The equation (x6 -1)-(1 -x° ) =0 givesx® =1 


Which have only two distinct real roots viz. 1 and --1. 
(b) Lét f:R—R defined by 


ts x xeQ 
rte)=| ; 
“x xeQ 

Then f is continuous only at x=0. 


Third Definition of Continuity 


A function f:S'-»R is continuous.at a point ; 

neighbourhood V,(f(c)) of f(c) there exist a6 nalgiboarhood ne) of 
e such that f(SA%5(c)) oh (F(e))ice. if Pods alle point of 5a Vs (¢), then 
f(x) belongs to ¥,(F(c)). - 

Types of Discontinuity an iN . 

1. Removable discontinuity eT he Let S ae and 


fi aoe ae a function. Hf, fim Kast b 


SESE 


(b) Let F:(0) > R defines 
f(x)=x Vee(0)). 
Then f is Seontnaons at x =Oand 1. 
Note: This type of discontinuity can be removed by defining a new 
function ¢ as 
{ f(x) when x #0, 
a(x)= lim f(x) when x= a. 


x30 


Then .g is continuous at x= . 
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2. Discontinuity of first kind or (Jump discontinuity): A function 
f:S—R. is said to have discontinuity of first kind (or Jump 
discontinuity) at x=a if at this point left hand limit (L.H.L.) and right 
had limit (R.H.L.) both exist but not equal furthermore. 


(i A function f is said to have a discontinuity of the first kind from 
the left to o if LHL exist but it is not equal to f(a). 


(ii) A function f is said to have a discontinuity of first kind from the 
right to a if R.H.L. exist but it is not equal to f(a). 


Note: Jump at (x=a) =} lim f(x)~ lim, f(x) 
Xm xa" 

Example: . 
(a) Let f: RR defined by f(x)=[x] VxeR 


Then f has jump kind of discontinuity at ev, y 
(b) Let f:ROR defined by f Gr “Oh R > Swhere ‘tx} is 
fractional part of x. 
Then at x=1 f has jump kind of disc 


(c) Let f:R—-R defined by 


1 x>0 
I (x)= 0 x=0 
-1 x<0 “ Oe age 


' Then atx =0, f has jump kind dis saan? 


: 3. Discontinuity of second Kind (Mixed < discontinuity): ‘A function f(x) . 


is said to have a discontinuity:of $ econd:kind (or mixed discontinuity) at 
x=o., if any of Right h Jeft h aid limit or both does not 
exist at x=0. 


Examples: 


38>0 


: +8), x EQ’ A(a,a+5) such that 
ioe | [re rGs Ry 
an 0 => RELL. does net exist 


=> f has discontimiity of second kind at every aR. 


(b) Let f:[0,1]-+R defined by 


sin( +) x#0 
rej=fnte 
0 x=0 
= Then at x=0 LHL. and R.HLL. both does not exist 
=> f has a discontinuity of second kind at x=0. 
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Then / has discontinuity of second kind at x=0. 
Reason: We know that 


x 30->e! 40 and x04 


eM sin (1/x) 
0. Teele 


which does not exist. 


x=0, 
6.3. Algebra of Continuity 3 8 
Let SCR and f &g real valued be functions op..§ “Ket.a, beR CaO 
that ae S and f & g are sontiqdouss-o. Tia : : 
(i) Linear combination of f and g is also con x=a, ‘ie. i +bg 


is continuous at x=a.. ting, ORT 
\ % 
(ii) Product of f and g is continuous at es ke. Pes continnous at x=a. 


ih 


ie 


Remark: 
(a) Converse of t 


iscontinuous at each real number. 


continuous function 


(f-g)(x)=-1 VxeR is continuous function 


(Z}e =-1 VxeéR is continuous function. 


(b) If fis continuous function at.x=a and gis discontinuous function:at 
; x=q then {+g cannot be continuous function at x= . 
(c) If f and.g are two continuous functions at x=a such that gof and 
fog is defined. Then fog and gof both are continuous at x=a.. 
* Converse need not be true. 
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Example: Consider two functions f and g defined as f(x) -{ me 
-1 xeQ 


-1 xeQ 
and g(x)= 
1 xeQ® 
Then f and g are nowhere continuous but fog and gof both are 
continuous on R. 
6.4. Some important Theorems on Continuous Functions 
4. Boundedness Theorem: Let / =[a,6] and f:1>R be a continuous 


function, then f is bounded ons . 


eeded, we 
fails iFany_ 


is) 


Remark: Each hypothesis of the Boundedness Theor 
can construct examples which show that the conclusion in 


one of the hypothesis is relaxed. 


(a) The interval must be bounded. The fusion FG oak for xin the 
ot bounded ond. 


unbounded interval 4 =[0, o) i is continuous, b 


(b) The interval must be closed: The, functi it -a(s)=* for x in the 


half-open interval B =(0, 1] is continndus. hat not bounded on B . 


(c) The function must be continudus: The fanetion AG) defined on the 
ys a 


_ closed ‘interval c=[0, by AGee— for xe(0 "| and, A(0)=1 is 


a 


" discontinuows and unbounded: 


xteA suc Jeo 4) for allxe A. 
(ii) Absolute nae et AcR andf:4—-Rbea function, then 
we say that f hesin n ‘Absolute Minimum on 4 if there is a point 


x, eA such that f(x,)< f(x) forallxe 4. 


We say that x* is an absolute maximum point for f on A and 
that x, is an absolute minimum point for f on 4 if they exist. 


7 2. The Maximum-Minimum Theorem: Let J=[a,5] and f:/>R be 
continuous on, then f has an absolute maximum and an ‘absolute 


minimum on J. 
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(a) If £ is not closed interval then result may not-hold, 


Example: Let f :(0,1).R defined by f(x) -+ is continuous on 
(0,1), but does not have absolute maximum on / . 

(b) If 7 is not bounded interval then result may not hold. 
Example: Let. f :[0,0) +R defined by f(x)=x V xe[0,0) 


Then fis continuous on I =[0,00) but does not have absolute 


maximum on / . 


(c) Condition of continuity of f on closed and bouinded terval cannot 
be relaxed. 


Example: Let f :[0,1]-> R defined by 


x=0 


Then. is discontinuous and re eha = [0.1] 


The Location of Roots Theore n Let RE fe.) and f:l->R be 


continuous on./ and if f( or fla)>a> f(8) ie. 
L@ f(@)<Othen there “P os such that t ie 0. 


: Remark: 


Then f iS. L 
c (1,2) such that’ 


(c) If f= [asl and Ps ae be such that f(a).f(%)<0 and there 
exist ce(a,b) such that f(c)=0.Then f may not be continuous. 


Example: Let f:[-1,1] +R defined by 
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(d) The converse of the above theorem need not be true ie. Let : 
[=fa,b] and f:1—R is continuous on / and if 3 ce(a,6) such 


that f(c)=0 then f(a).f (#) need not be negative. 


Example: Let f:[-1,1] RB defined by f(xj=x Vere [-i1]. 


(e) If f:[¢,b]>R is continuous on [a,b] and there exist o,B efa,b] 
such that f(a) f(B)<0 then there exist ce(a,B) such that f (c)=0 
4. Bolzano’s Intermediate Value Theorem G.V.P.): 
Let J be an interval and f:/-> R be continuous on / and if there exist 
abel and keR satisfying f(a)<k< f(b); then there exists a point 
cel between a and b such that f(c)=k. ae 


Remark: . 
(a) The condition of continuity of f cannot be re! 
X 


1) 173 on - 
Also, (5) =9<9<S Oh : ~~ ie 


But there does not exist any,,¢ . < fe) -4 


ufficient condition for LV. ie. If a 


(b) Continuity of f on [a, d 
4] then it may not be continuous 


function f satisfy the 


Example:%et 


o# 
. Then'satisfy /.V.P but it is not continuous 
0 ; 


"SP : 

(c) LV.P. is @ neck ary condition for continuity of a function f on 

{a,b]i.e, if a function defined on [2,5] does not satisfy LV.P. on 
[a,b], then it cannot be continuous on [a,b] 


. 5. Preservation of Interval Theorem : 
4. Let r be a closed and bounded interval and let f :1-9R be 
continuous on 1. Then the set S={f (x):xeJ} is closed and 
bounded interval. 


4 . ie. image of a closed and bounded interval under continuous map 
is closed and bounded interval. 
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Warning: If 7: =[a,5] is an interval-and f:/—R is continuous 
on J, we have proved that f(7) is the interval [m,M], We have 
not. proved (and it-is.not always true) that f(J) is-the interval 


[F(2).£()]- 


2. Let 1 be an interval and jet f:7— R be continuous on 1. Then the 
set f(/) is an interval. 


Remark: 
(a) Condition of closeness of 7 cannot be relaxed. 


Example: Let f: (0,1) >R be defined as, 


f(x)=4 vxe(0, 1) 
Then f is continuous on (0,1) 


But S={f(x):x€ (0,1), i8 i (Om). is Teier bounded nor 
closed. ; 


faze V xe[0,0) 


Then fA is continuous 


Ifa function f isc 
and f(c)#0 then, 


(a) If f is conti 


(b) A similar result hold for continuity at point a. 


(c) This result can be extended for any subset 5 of R. 
ie, If SER, and f:S—R is continuous function at'x=0 and 


f(a)#o. 


Then there exist 6 >0 such that f(x) has the sign of (a): for all 
xin (0=S,a+8)AS 
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7. Identity Theorem 
(First Form) 
Let f be a continuous function on an interval 7 and 
f(xj=0 WxeInQ Then f(x)=0 Vxel 
(Second Form) 
if f(x) and g(x) are continuous on an interval J and 
f(x)=g(z)VreInQ Then f(x)=g(x)¥ xe! 
Generalized form: Let f and g are two continuous functions on 
SCR and f(x)=¢(x) VxeT (where 7 is a dense subset of S). Then 
f(x)=g(x) VxeS- 


Remarks: 


(a) If f is monotonic on /. Then lim f(x) an 
xO 


may not be equal. \ Sy 


: jp sd-of discontinuity 
% ‘ 


ie. A monotonic function gan-baxe. onl 


(b) If f is monotonic and satisfy 7.V.P ‘on. en, it is continuous 


function. 


(c) The set of point of discontinuity of-the irst-kind of real valued 
function is countable. : hy, 


(d) There is no real valued function which~is continuous on every 
; rational point and discontinuous at Nee, irrational point. 
Ca SS hanger ay 


a rae Some Important Examples: pare ae 
: 1. Let f be a function de ined. 
\F(x]sixl VreR / 


Then f is continuou: 


Then, if f is continuous at 4 point ¢ then f is continuous at all 
points of R 


3. Let f:R->R be a function ‘which satisfy the property 
@ [fsb VreR 
(i) F(xty)=S (=) +F (ry) VaveR 
Then f(x)=cx VxeR where c= f(t) 
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4. Let: f:R-R be a function satisfying the condition 
‘@ [fsb vreR 
(ii) f(xt+y)= f(x) f(x), VayeR 
Then, f(x) =c* VxeR, where c= f(1) 


If f is a continuous on R and any of the following conditions are 
satisfied then f must be constant function. 


@ f(x)=S (mx) vx eR, |m|#1meR 
(ii) f(x)= f(2x+l)VxeR 
(iii) f(x)=f(P) veer f 


Fixed Point: Let ScR and f:S-»R be'a% 
aeS is said to he a fixed points of f if Fe 


Remark: 
(a) Fixed point of y= f(x) are the point of oF intersection of the 
curve y= f (x x) & yx. 


(b) If k(x) = f(x)—x, then the 2eroes 6 the fixed point of f 
ie., number of zeros of al-to.numbers of fixed point of 


imple: ; 
(a) The function f :R ~ {0 


fixed point 
Reason: Define af 


etic Mean > Geometric Mean 


lis tac hinke 
x+—~sinx22—-sinx 21 
x 


ree eee OVx 
x 


Te cs 
> x+—# sin x Vx 
x: 


Thus f has no fixed point. 
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(b) Let f:R-R defined by f(x)=x+sinx 


Let 4= {x eR/f(x)= x} . Then card (4) is countably infinite 


Reason: Let us define a function A as 
(x)= f(x)-* 

=sinx+Xx-X 

=sinx 


Then A(x)=0 Vx=nn where neZ 


Thus, card 4 is countably infinite. 


(c) Let f:R—R bea function defined as f(x) 
has no fixed point. 


anywhere. 
(d) Let f:R~{0}>R be 
f(x)=}log, [xi] Ve R ~ {0}. 


defined as 


Then f has 1 fixed point. 


-. points. 
§. ‘Fixed Point Existence Theore’ 


If f :[a,b]> [2,0] is a cont 
ie, 3 x9 [a,b] such that 


5 
pbe relaxed. 
ie ? 
3 


function defined by f(x)=2"- 


oR béa function defined by f (x)=e*. Then 
i does not have any fixed point. 


ot equal then function may not have fixed 


Example: Let f :(0,1)-> (0,0) be a function defined by f' (3)==. 
Then f is continuous on (0,1) but does not have any fixed point. 


(a) If f:[2,b]>[e,¢] is a continuous function where [c.d]c [2,5] - 
Then f mist have a fixed point. 


Reason: Take the restriction of f on [c,d]. 
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(e) This theorem gives only the ‘existence. of a fixed. point. ie., if 
f:[a,6]>[a,2] is a continuous function’ then f may have 

countably infinite, finite uncountable numbers of fixed point. 
Gi) Let: f:[-Li]>[-11]. be a “function defined. -_ as 


xsin( +) if x#0 ee : 
f (x)= x has countably infinite fixed points. 
0 ifx=0 
(ii) Let f :[-1,1]+[-L1] be a function defined as. f(x)=x? has 
two fixed point. 
(iii)Let _f :[-+1,1] > [-1,1] be a function denned as f (x)=x has 
uncountable numbers of fixed point. 


Result: If f is differentiable on R & lf ‘(x}Ls 


6.5. Uniform Continuity yaw SS ; 
A function f defined on an interval’7 is Said, to*be* nifortaly continuous 


on / ifforeach ¢>0 there existsa 5>0 such t Cae NY oe 


| if (x)= f(n} <e, for arbitrary points x,,x7.0f f rs “for w which |xy—x [<6 


ane 


Note: The uniform continuity of f on arbitr y kes can: ‘be defined by 
replacing the interval 7 by S. 


Example: The function f(x)=x/ ee niformly. continuous for 
x0, 2] Sad J 


Reason: Lat ; xy be two abit Binsin in [0. 3]. Tie 250 y20. 
=>xtl21 and y+l21 


=> (x+1)(y+1)21 


yy<d vx »y €[0, 713 
Auous in, {o, 2]. 
Tbs Ff. is uniformly continuous on every 
closed fed finite interval but is not.uniformly continuous on R. 


Example: The fanctio: (x)5 Alix? is uniformly continuous on [a,o , 
where a>0, but not uniformly continuous on 0, . 


Example: The function’ f(x) =sin x” is not uniformly continuous on [0,-0f . 

Example: The function f(x)= vx is uniformly continuous in [0.1]. 

Example: The function f(x) = sin+ is not uniformly continuous on ]0,f . 
: x 


Example: The function f(x)=1/% is not uniformly continuous on oll. 
but it is uniformly continuous on [a2,0[ , where a >0. 
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6.5.1. Non-Uniform Continuity Criterion : 
Let (CR andlet f:/ >R. Then the following statements are equivalent: 


(i) f is not uniformly continuous on /. 

(ii) There exists an eg >O such that for every §>0 there are points x5,13 
in I such that |x; -—us]<8 and LF Ca)-S (us ) Ez 

(iii) There exists an 9 >0 and two sequences me and (u,) in 7 such 
that lim(x, ~w,)=0 and [f(x,)-/(u, 2 €0 forall xeN. 

Application: We can apply this result to claim that f (x)=l/x is not 

uniformly continuous on /= (0,00). For, if x, =1/n and. My = (n+ 


we have lim(x, -u, )=0, but le(x, )-2(u, (u, | =i forall we Ns 


Result: A function which is uniformly continuous interval As 
continuous on that interval. 


Note: Converse of the result met not BE De true. . 


continuous but not uniformly continuous on, <e — 


Uniform Continuity Theorem 
Let 1 be a closed and bounded interval'atid et. sKil- ->R be continuous on 
1. Then f is uniformly continuous on J. Ms 


a Mec 
Alternative solution: The funct Qe x/ /(x+1) is uniformly 


continuous for x ¢[0,2] fiw ae! 


“Here f(x) is a rational functiong ‘it is cchitinuous for every real 
number other than zeros of 8 ominator of; polynomial function x+1. 
But x+1=0->x=-1, which does” tiot ‘belong’ ‘to [0,2] Hence f(x) is 


Lipschitz function (or t satisfy a Lipschitz comin) on A. 
Result: If f:1>R is“a Lipschitz function, then f is uniformly 
continuous on 1. ance 


Remark: 

Converse of the above result need not be true. Ze, A uniformly continuous 
function on the interval 7 may not be Lipschitz function on 7. : 
Example: Let g(x)= vx for x in the closed and bounded interval 7=[0,2] 
. Since g is continuous on J. Then g is uniformly continuous on /. 
However, g is nota Lipschitz function on /. 
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, 5,4, Continudus Extension Theorem 


Let J=(a,b) be an interval. Then, (:1>R is uniformly continuous on 


if and only if. it can be: defined at the point. a and b: such. that: the 
extended function is continuous on [4,6] 


Application: The function defined by /f (x) =asin(+) is uniformly 
x 


continuous on (0,1) 


Reason: Since the extension function g :[0,1]> R defined by 


vsin( 4 } x#0, 
g(x)= is continuous on [0,1] 


9 x=0 


ws 
6.5.5. Some Important Sufficient Conditions For Uatorne Con 


1, If f is continuous on & then it is uniformly Coit ous ON every 


interval of finite length. But not conversely. wo” 


“Example: A finction F(x) a2cis-uniformlyscontituous (on every 
interval of finite length but not uniformly contindous.on Rey, 

If f is differentiable on (2,5). and derivative oF} Ay is bounded. ‘Then 
f is uniformiy continuous on (a, Z Serr (we will prove 
this by LMVT). 

Example: A function f :(0, ord 

continuous on. (0,1) but derivativ iss 


coiitinuous on’ R. 


Graph’ of a function is par: Sm then must be uniformly 
: continuous on its given dosti é Poa. 


if f is periodic on R and conti 


“Then Ps is uniform 
If f is 


Result: Let 


Remark: 


(a) This result tells us tha, inflge ofa ‘Cauchy. Sequence a uniformly 
continuous map is Cauchy's ‘sequence. 


(b) Uniform continuity. 4 boundedness ice, A “uniformly continuous 
function may not be bounded. 


Example: A function f :R-» RB defined by. f(x)=x 


. (©) Continuity + boundedness 4 Uniform continuity i.e., A .continuous 


bounded function may not be uniform continuous. 


Example: A function f:R-»R defined by f(x)= sin(x? ) d 
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6.5.6. Algebra of Uniformly Continuous Functions 
Let f and g are uniformly continuous functions on the interval  . Then 
@) af +Bg is uniformly continuous on i, Vo,BeER 


(i) If f and g both are bounded functions. Then f.g is uniformly 


continuous function. 


(iii) If f(x)2k>0 VxelwherekeR. Then ; is uniformly continuous on 


ie 


Remark: 
(a) Condition of boundedness of f and g cannot be relaxed in 


Example: let us consider functions 
Sf (x)=g(x)ax VxeR. 


Then both f and g are uniformly ¢ continuoys 


is not cone continuous on R’. 


Example: Let us consider a funetidns.. i)> R defined as 
f(x)=x Vxe(01) . Then f cis wnifetily continuous. But 
%y 


1 wie = 
ae which is defined. as 


continuous 
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‘CHAPTER 7 


Saka RNR ER RAL RN 


DIFFERENTIABILITY 


71. Definition / 
Let f be a real valued function defined on an interval [a,b] ie., 
f :[a,o]->R. Let a<c<b. : 


(i) Left Hand Derivative: The left hand derivative of a function f at 
x=c , denoted by Zf'(c) or f*'(e-0) 
Lf'(c) = lim AOE ie Lette) 


xc” hs 
(ii) Right Hand Derivative: The right hand derivative OP a-function f at 
x=c , denoted by Rf'(e): “orm (CHO), » 18 defined as 


Rf'(c)= im, £ fer He) Le ) » provided the hea 


eed 
(ii) If Lf'(c) = Rf'(c), we say that the function” “Ps Neiderivable at x=c. The 
beae ro ae common limit is called 7 a eget 8 and is denoted by 
f'(c). Thus. f'(c)= rope ae 
: : xe . e eked 
(iv) If Lf'(c) Rf "(c), we say oo "is ni i derivable at x=c. 


Example: 


defined as 
ane 


, provided the limit exist 


a ai aha Mi oe 


xeQ 


(a) Let us define f:R—> . 
xeQ? 


Then / is 


differentiable 
(b) Let St: 


(@) The function f(x)=¥hy 
I eg Reason: We have : 


if(0)e tm LEETO, 


430- x-0 


-Rf'(0)= tim L£)-F(0) _ 


x0t x-0 
-. Lf'(0) = Rf'(0)=0 
Hence f(0)= 
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Differentiability 


(e) The function f.defined by f (x)= is given to 


bx +2, ifx>l 
be derivable for every x. Find « and b. 
Solution: Since f is derivable for every x, f must be derivable at 
x=1 and hence, f must be continuous at x=1. Let h>0. Then f is 
continuous at x=1. 
= f(l)=(1+0)= (1-0) 
=>4+a=lim f(i+h)= lim f(1-h) 
h+0 b> 


dow oe 
gens ifxsl 


= 44a = lim {b(1+h)+2} = tim (I-A)? +3(1-h) +a}, 
Ad Tae 


ho0 
= 44a=b4+2=444a > a-b=-2 


Again, f is differentiable at x=1 = Rf'(l)= 


tam AL OD pg FOLK) F0) 


h-90 h h0 60, 
aor “iting, 
2 mp9 
tim Ct A)t2- (449) = in (I-A) +3=h) 
h0 h h0 , oh 
_ beatbh—-2_ |, W—5h 
=> lim ————— = lim ———_. a Sg 
hod h hoo —h Y Mase 
_. b-(b-2) + bh-2 Scat 
I = lim (5- J: : 
Ss ae a Sa 
; ae ! 
wa b=5 Ns 4 


NB 


Since b=5,80 (1) gives a =i 


which makes an angle y with x-axis. 
and @Q on 


E-mail: info@dipsacademy.com: Website: www.dipsacademy.com 
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«Slope of PQ © tan@ = oe let 7) 


h 


From the figure, we see that as 4 +0, the point Q approaches the point P 
along the graph of -f and, hence, the chord PQ approaches the tangent-line 
PT as its limiting position. Thus, as h + 0,8 y. 


f{e+ te Fe) _ 


. tany = lim tan€= lim 
O->P ho 


=f'(e), 


Showing that f’(c) is the slope of the tangent to the curve y= f(x) at the 


point {c, f(c)). 
r { Note: If there is a sharp edge in the curve then at; that-point f is not 
| “ea, . 
| differentiable. : 
Remark: 


1. Continuity is a necessary but not a sufficient condition ‘ter, the existence 
a finite derivative. Poe Ba Ny 
i ae Oo ee ee 


| ie, every differentiable function is continuous. Butconyerse need not be 
true. , 


so tat jn OI-L0 


fg, Se me 


Proof: Let f be derivable at the point 


Wehave f(z)-f(c)= pe 


Pa lin 0)- f(e)]= 
= lim f(x)~f(c)= 
= lim (x)= f(0) 
=> f is 


for. differentiability but it is not 
stence of a finite derivative as shown in 
, the converse may not be true. 


Thus, continuity is 4 neces 
a sue iet condition 


x20 
x<0 


x, 


-x, 


(may or may not be quay’ 


Then f is continuotis at x=c. 


If f:[a,6]->R such that / is differentiable on (a,b) and Right Hand 


£110) 


Limit of + exist finitely at x=b. and Left Hand Limit of 
sO)=1@) exist finitely at x=a.Then / is differentiable on [a,b] 
Xona 
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— (©) If f is differentiable on S$ 
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~ Result: Let f: [al 


Algebra of Differentiability 
Let f and g are two differentiable functions at ce Sc R. Then 


(i) af +Bg is differentiable at c VapeR and 
(af +Bz) (c)= af" (c) +Be'(¢) 

i) (f-g) is differentiable at c and (fg) (c)=F(c)s' (€)+ F (©) g(c) 

GidIf g(c)#0 . Then f is differentiable at c and 


a8 OL O=L98 
(5) a aria 


Remark: 


(a) Converse of the above result need not be True. 


bao 


Example: Let f:R-R, and | ca ‘Ron | be defined. bs 


1 Q 
ie) {! 1 eq) 


Clearly, f and g are not diferentible “atx, 


‘ 


: But frehat all 


are differentiable at x =0. 
(b) Above results can be “ae Ss numb of differentiable 
functions By induction). pr 
Aes not sitrentble on S. Then 


38>0 such that 


of fa, [att 


point 


(©) #'(6)>0= f(a) </(0) Vxe[b-3.5] 
(d) f'(b)<0= f(x)> f(b) v xe[b-5,b] 


Darboux’s Theorem 


If a function is derivable in a closed interval [a,b] and f’(a),f"(0) ate of 
opposite signs, then there exist at least one point c in the open interval 
(a,b) such that fi(c)=0 
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Note: If g: is derivative of any. function f then g- satisfy IVP. 


Remark: 

4. If f is derivable in [a,b] and f'(a)# f'(6), then for each number:k 
lying between f‘(a) and f'(b), 3 some point ce(a,b) such that 
flake 
Reason: We are given that f’(a)<k< f'(b)...(1) 


i 
j 


Let.g(x)=f(x)-ke Vxefa,d]. (2) 
Since, f is derivable in [a,b] and kx is also derivable in [a4], 


therefore, by (2), g is derivable in [a,b]. 
Now g'(x)=f"(x)-& 
=> f'(c)-£=0, by (3) 


Hence; f'(c)=k wi 


2. If f be defined and derivable on [a,b], fa) aie 0 and’ f'(a) and 
f'(b) are of the same sign, then f Ba Shie once in (a,b). 


j yo i 
Reason: We are given that f({a)=f daa G 
may. take 


_ Since f'(a) and, f"(b) are _ 


-f(a)> ies if 


ce]at83b-8,[ c % ohsdch that -f. fe) 0. Hence f must vanish at 
least once in Ja,d{ « 

3. If f is derivable on-[,0];(a)= f(b)=0 and f(x) 0 for any x in 
(a,b) then /'(a) and -f'(b) nmst have opposite signs. 
Reason: Let , if possible, f’(a).and f(b) be-of the same sign. Also 

f(a)= f(b) =0..Then, there exists some c<]a,b[ such that f(c)=0. 
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Differentiability. 


This contradicts the given hypothesis that f(x)#0 for all x in ]a,d[. 
Hence f'(a) and f'(&) must be of opposite signs. 


If f is derivable at a point c, then [| is also derivable at ¢, provided 
f(c)#0. However result may not hold when f(¢)= 


0,-l<x<0 
1 O<xsl 


Let f:[-L1] > R be defined by f(x)= . 


Then there does not exist a function g such _ that 
g'(x)= f(x) Vx e[-L]]. 


Reason: Let, if possible, there exist a function g;[~1,1]~»R such that 


ee)=s) eet 


1, O<xsl. 


It follows that g is derivable on [-1i 
[-- g'(-1)=0 and g'(1)=1]. 3 eS 


' 


=> g' must assume every value between 
[-- g'(-1)=0andg =1] : 


But this is impossible, since g'(x)=1; a x Pel. 


Hence there does not a g such _ that 
8@)=F() Vre[-ul. a 


4 7 Local Maxima & Local Minima 


exist | some. ,..nei i Cy ae that 


Co» 


Point of inflexion: An inflection point, point of inflection is a point on 
a curve at which the curve changes from being concave (concave 
downward) to convex (concave upward), or vice versa. 


Example: Let f(x)=2'. Then (0,0) is point of inflexion of / . 


Note: For f(c) to be an extreme value, f(c)— f(x) must keep the same 
sign for every point x other than ¢ in some neighbourhood of c. 
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Interior Extremum Theorem: Let ¢ be an interior point of the interval J 
at which f:7->R. has an extremum. If the derivative of f atc exist ther 


f'{e)=0 
Remark: 
(a) This theorem is applicable only on interior points of the domain. 
Reason: Let f:[0,1] > R be defined as f(x)=x. Then at x=0, f has 
minimum value 1 and at x=1, f has maximum value but neither point 
is a zero of the derivative of f. 
(b) Converse of the theorem need not be true i.e., if f’(c) = 0, then f may 
| have neither a maximum value nora minimum value; 
I Example: Let f:[0,1] +B defined as f(x) = 
| 
Then f'(0)=0 
But f has neither a maximum value nor a mi 
(c) A function may have maximum*or ‘a maiition 
being derivable at that point. \ 
Example: Let us define a function f ath es 
Then f is not derivable at x=0 but f. ‘has thémninimum ‘at x=0. 
aku Xe Boma 
(d) Let f:7-— R be continuous on an interval /.and suppose that f hasa 


relative extremum at an interior p The er the derivative 
of f ate. dors not exist, or it is Se ees 

Results: e : : ae 

1. 


then f i decreasing in [a,b]. Further if f is 


i 


f' changes from mihug sto “plus as x eked through c. 


Applications: 


Example: Examine the function x? -6x?+9x—4 for maximum and 
minimum values. 


Solution: Let f (x) =x? —6x* +9x—4. Then 


f'(x)=3x? iss 
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or f(x) =3(s-1)(s-3) se 
o f(x) =0 forx=1,3. 


Now for x<l, f’(x)=(-).(-)>0, 
and = for x>1, f’(x)=(+).(-)<0 


Thus /"(x) changes sign from plus to minus in going through x=1. 
Hence the function has a maximum at x = =1 and f(1)=0 is a maximum 


value of f. 


Now for x<3,f'(x)=(+).(-)<0 


and for x >3, f’(x)=(+).(+)>0. 


Thus /"(x) changes sign from minus to plus, Qing hrough x= 3" 


Hence the function has minimum at x33 and [Bact is a minimum 


iia 
value of f. ‘ oe 


3. Second derivative test for extreme values 


Let f be derivable on an interval Je— 


tear et 
(i) If f"(c)=0 and /"(c) <9, then ¥. has d:fiaxkimum value at x=c. 


(ii) If f'(c)=0 and f"(c)>0, mgs minima value at x=c. 
Example: Find the maximughignd values of the function 


J (x)= 12x ~45x4 +40x° 7k 


Solution: We have 


f'(x) = 60x* -180x° +120. 


-. f"(2)=240>0=5 f has a minimum at x=2. 
and f"(1)=~60<0= f has a maximum at x=1. 

| . Since £"(0)=0, we find out the third derivative. We have 
f(x) =720x? ~1080x+240—> £"(0)=24020. 


So f has neither a maximum nor a minimum at x =0. 
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Maximum value = f(1)=12+45+40+6513. 

Remark: . 

(a) Let f()o28 vreR . Then f*(0)=0 and f"(0)=0, but the 
function ( has neither a maximum nor a minimum at x=0. 

(b) Let f(x)=x* VxeR. Then f’(0)=0 and f"(0)=0. Clearly, the 


curve y=x* is symmetrical about the y -axis, passes through the 


minimum at x=0. 


(c) Let f(x)=-x4.vxeR. Then f'(0) 
maximum at x=0. — 
gt se ¢ 
Let f be a function defined on an interval.,[as, , 


Pola F*(c)=-= fe) #0 and f"(e) #0, 


(i). If a is odd, then /f has neither a maim nr a minimum at x=c 


(ii) If n is even, then f has a mb 
has @ triniman at x=c ig 
7.5. Mean Value Theorems : 


1. Rolle’s Theorem: 


ical i . of Rolle’s ‘Theorem: 


Let 4 and’B be the péints on the graph ARP,RB of the function 
y= f(x) corresponding, to x=a@ and x=b respectively. Then, 
geometrically, Rolle’s theorem asserts that there is at least one point 
between x=a and x=6., at which the tangent to the curve of the 
function, is parallel to x.-axis. In the figure, we have shown ‘the 
’ possibility-of three points A,P, and PR where the tangent is parallel to 


x-axis. 
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(a) 


Remark: 


(a) This theorem is useful to produce the zero of-derivative of the 
function. 


cannot be monotonic. 


(c) This theorem tells us that, iene zeros of a 
differentiable function f there lies’ aer0 of fF * 


(d) Third condition of Rolle’s theorem cantiot be relaxed. 
4 : 


Example: Let f :[2,3] > R be de 


Then f is continuous on [2,3],and™ 


Xe (2,3) such that f'(c) = Ginx oe 


Infact Rolle’ s theorem fails to i 
not iaues any condition pre 


gor enn. 


f 


stenge of a, dot of a derivative of the 
that iérivative of function has 


’s theorem are only sufficient but not 
t some point in [a,b] 


necessary Mor fi (x) to 


when 0S xS1 
when 1<x<2° 


continuous. on {0,2] and f(x) is not 


; Also. f(0)#f(2) but s'(z)=0 


V xe[0,1] [0,2 
2. Lagrange Mean Value Theorem (LMVT) 
Let f bea function defined on [asb | such that 
@ f is continuous on [2,5] 
(ii) f is differentiable on (4,6) 


Then 3 ce(a,b) such that LOI. pe 
2 —a 


nr ce ee ES 
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Remark: 


(a) The ¢ obtained in LMVT need not to be unique i.e. it may be finite 
or countably infinite or uncountable 


(b) The collection of such c is non empty. 
(c) LMVT is obtained by Rolle’s theorem. 
Geometrical Interpretation of Lagrange’s Mean Value Theorem: 


Let 4 and # be the points on the graph of the function y= f(x) 
corresponding to x=a and x=b- respectively. Then the coordinates of 
A and B are (a, f(a)) and (of (6)) respectively. 


Now, the slope of chord 4B =[£(b)-£ (4) |(o-a) : 


shows that there is at least one point between 
which is parallel to the chou! 4B. 


If‘e be the abscissa of P, ao ‘Bingent a at P is ae (c). Since 
chord” “4B - is parallel io™ laps 


LF (6)- F(a) |{(o-@)=7'(c). 


ae 


RPED F205 ois ONT: SRT Seg RTE BESET 


Then there exists some’ @ ¢ ]0;1[ such that f(a+h)~f(a)=hf'(a+0h) 


Some useful deduction’ ‘om the Mean Value Theorem: 
(i) If f is defined and continuous on [a,b] and is derivable on. Ja,5[, 


and if f"(x)=0. for all x in Je,d[, then f(x) has a constant value 
throughout [a,b }. 


Gi) If (x) and g(x) are both defined and continuous on [2,6], and 
are derivable.on |a,5[, and if "(x)=g'(x) Vxe]a,6[, then f(x) 
and:.g(x). differ by a constant on [a,5] : 
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(iii)If f is continuous on [a,b], and f'(x)20 in Jad[, then f is 


increasing in [a.d]. 


(iv) If f is continuous on {a,b} and f ‘(x)>0 in |ao[, then f is 


strictly increasing in {a,b}. 


(v) If f is continuous on [a,b] and f'(x)<0 in [2,6]. then f is 


decreasing in [a,b]. 


(vi) Lf f is continuous on [a,b] and f"(x)<O in Jad]. then f is 


strictly decreasing in [a,b]. 


Example: Let a function f be defined 


@)-r<@-) for all x and y. Theg” 


a | 


function 


Solution: Given Ifa FO)} <(x -y) 


Ives 


Let c be any real number. Then, for x # 


(2) 


f(x)-f(¢) <|x-o 


x 


i - Let ¢ > 0 be given. Then, we choose 


f(x)-f(y)_ 


<e, whe 


(i) sand g are contiguous in [a,b] 
(ii) f and g are derivable in (a,b) 


(iii) g'(x) #0 for each xe(d,b) and g(a)#g(b) 


Then there exist at least one point ce(2,b) such that 


f)-f(@) _ fe) 
g(b)-g(2) a'(¢) 
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Higher Order Derivatives 


We know that the. existence of the derivative /" of a function f at a point j | 
c implies the existence and continuity of the function in a neighbourhood of Se noe ' H 
c. The derivative of the function /' at c (in case’ it exists), is called the 


second derivative of f at c and denoted by /"(c). Evidently, the existence 


of f"(c) implies the existence and continuity of f' in a neighbourhood of 


c. 


Higher order derivatives can be similarly defined. The derivative of f”7 at 


| 
| 


c (in case it exists) is called the nth derivative of f at é.and is. denoted by 
f"(c). 
1. Taylor’s Theorem with Lagrange’s Remaindét 


Ifa function f defined on [a,a+h] is such that 
SS 


. ns 
(i) The (—1)sh derivative f”" is vontiquonsste.a+#] ‘ 


(ii) The (n-1)th derivative sf"! is derive ines lag h[, 
he 


i er 


then there exists some 0,0<@<1, sugh t 


tne ies 


sleri=sarar (aE rr(q ; 


_h(-0)"? 


(n-1)! 


[Cauchy’s Remainder] 
Maclaurin’s Theorem (With Lagrange’s Reminder) 


On taking a=0 in Taylor Theorem, .we. get Maclaurin’ 's Theorem, 
which may be stated-as follows: 


Ifa function f defined.on {0,h] is:such that 


(i). -f""! 4s continuous in [0,4], 
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(ii) f*>) is derivable in ]0,A[ , 


then for each x in [0,h] , there exists a real number 9 between 0 and 1 


such that 


F@=FO+P'(O+> £ p(oe. “Te FOr (Od) 


(Lagrange’s remainder) 


7.7. Indeterminate Forms 


We shall now discuss the evaluation ofJimits of gancid generally’ known 
as Indeterminate forms. They are not indetéminate b but have acquired this 
name by usage of the word. “ 


In general, the limit of ie when x say i. cate “the limits of both the 
Wis ye 

functions exist, is equal to the limit of the” sapien divided by the limit of 

the denominator. But what happens wheri oth “these limits are zero? The 


0 
. division 7 then becomes med case 


like is known as 


Indeterminate’ form, Other such/idtins, are = 0x08,60—-0,0°,1° and 0°. 
Ordinary methods of evaluati he limits are /of little help. Particular 
methods are required to evalu: its. We shall now discuss these 


particular methods, generally calle 4 Hospital rule, due to the French 
mathieenabioian L’ Hospital : 


Gs 


find the value of a5 or a any Of; e ent indeterminate forms. We ae find 


Gi) f’(x).g'(z) exist’ and g(x)#0, gi(x)#0 Vxe]o-8,a48[,5>0 , 
except possibly at a, 


(ii) tim 22) 
x-ra J (x) 


exists, 


faved @) 
xa g(x) xe0g "(x)" 
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Note: If lim- f () does not exist then tim’ 2) 


may exist. 
sag ) ce g(x) 


. x-+sinx wp. qs. L+e0sx : 
For example: lini———-=1 while lim——~— does. not exist. 


x" X—COSX xm ]+sinx 


Remark: It may happen that lim £'() 
xoa g(x) 


extend.the L’Hopital’s rule as follows: 
ile) SO). at): 
roa g(x) xoag'(x) x90 g"(x) 


- 0 P 
is 5 form. In this case, we can 


where f’ and g’ satisfy the conditions of L’Hopital’s rule 


This rule can be generalized as follows: 


If f(x) and g(x) are functions such that melee 


indeterminate form : and the fubetiois+ 
conditions of L’Hopital’s rule, then 


tin £2), yg £2). 


xa a(x) x20 g'(x yo 


Examples: 


(by L’Hopital’s rule) 


x 
lim 2 1 loga 
x90 H* —] ‘ogb’™/ 


Solution: The given limit is 0/0 formand so 


oo x 
lim” 1 _ sim @ loga _ loga 
x05] x208* logh ~ ogh 


idx 1 
; (14x) Tete er _Me 
x90 x2 24° 
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Solution: Since tim (1 +x)" =e, the given limit is 0/0 form. 
+ 


Before we evaluate the limit, we find the expansion of (1+ x)" 


7 1 1 xr x» xf 
Let y=(1+x)"", so that, logy =—log(1+x)=—| x-S 42--— +... 
ya(itx) By = 1 er ba ceasie 


2 
Sting ss =l+a, where a= 
2) 33 


Now logy =I+a= y=el* =ee* > y=e 


‘ p lle 
= lim 3 = lim termi containing x =<, 
x0 x tel Ne a *) 24 
Examples a the indeterminate =r on 
: sides t io 
5. “tim —2*— does not exists se 
x04 log sin x 


Solution: The given limit is ~/ 
we have . 


Solution: lim (2 


x04 
0/0 or 0/0 form. Now 


F 1 1 we 
wtb ate 
xox sinx) x30+ xsinx x30+ x? \sinx 


= lim mee) & iim == -1] 
x04 x 0 x04 Sinx 
arith soszat( 9 lim ~S8% 


90+ 2x 
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im (secx—tanx}=0. 


XOoR 


Solution: The given limit is 0-90 form: We have 


1 sinx 
tim (secx~ tan x)= m= [ = 
a COSx cosx 


oe log(L/x) 


xo nt 0 
COs} — x 
€ } 


To evaluate: lim [f(x yee, 


xa 


We write »=[ nae 


= ogy=a(x)log f(x) 


Let y=(cotx)™* , so that 


a, logeotx 
lim logy = Ji _ sin slog cot x = Yim 28O* 
x-30+ x-¥+ COSECX 


__ ~cosec*x(1/cotx) 

= lim ————_ 

x0+ cot x.cosec x 

2 COSEEX. 9... sinx 

= lim = fi =0 
3-904 Cgt’ x x04 cos? x 


lim logy=0=> log lim y=0=> lim yee =1. 
iia logy og tim y jmyre 
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Hence lim (cotx)""* =1, 
x—0+ 
/ Vx? 
Es tanx )~ 3 
10. lim =el3, 
x0 x 


Solution: The given limit is 1° form. 


D» Typos academy 


ix 
Let y= (=) , 80 that log y = 


___ xsec? x~tanx(0 : 

= lim = lim sa 
x90 4xtan x+2x° seo* 5, 

Cone, 


x30 2x7 tanx (0 


0 


=lim sec? x tan x (3) Mee 


x90 2tanx+xsec? x 


‘ 1 ; 
. limlogy=- => limy=e'”. 
x0 3 


x0 


x0 x. 


tan!” 
Hence lim (=) =e 


11. tim(i+2)! 


a x30 


# 


4 a ta . 
. Solution: The given limit is 1° form. Let y=(1+sinx 


logy =cotxlog(1+sinx). 


log(1+ si 
$ iedijay ede ee) () = lim——"* = 1. 
x90 x30) tanx 0} +0(1+sinx)sec* x 
Hence lim y =e! =e or lim(1+sinx)"" =e. 
x0 x20 


E+ 
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\ 
x. 
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. Differentiability 


78. Convex Set 

' Avset S of real numbers is said to be convex if x,veS, 4<(9,1) implies 
Axt(L-A) yes . 

Convex Function 

Let SCR be a subset of R. Then a function f:5—> R is said to be convex 
function. If for any y,x, <5, f(A +(1-A)x)<af(m)+(I-a) f(m) , 
where 4¢[0,1] i.e., Image of convex combination of points of S< Convex 
combination of images of corresponding points. 


481: 


Example: Let f:R-»R be a function defined as f(x)=x°. Then f is a 
convex function. 


2 i, 
xy 4x3 2 2xx2 => 2a? +2 


ae} 
af +25 
2 
Concave Function : 
Let SCR be a subset of R. Then a fut 
concave function if ae mae S > 
S (Ax H(1-A) xy BAS (4) + (1-2) f(x) , where, 2 <[0,1] ie; bmage of 
convex. combination of points of $2 Cohyex~eorhbination’ of images of 
corresponding points. i way f 


Note: 


> 


1 (LA 
2 f (a)+ S02)? 5 


(a) The condition of convexity is eq 
the curve is below (may be identic! 
any two points of the graph 


(b) For a concave function the cl 


t 
seal case) the segment joining 
of i co} function: 4 : 
Tt 


¢ geometric condition that 


4 


shoul ilie below the graph. 


cuca ey 
(c) Convexity and concavity are ge@metric ‘characters of a function. 

etetminewhether’ a. function is convex or 
concave. But for differentiable”function we shall derive a simple 
criterion to determine this:,But clearly if the tangents at every point of a 
curve lies belowéeurve, thé curve ig'convex and if the tangents lie above, 
the curve is concaves.. f 


(e) A function may be S 
or linear on other parts. 


% 


2 f'"(x)<0 VxeS 


Note: Differentiability is not a necessary condition. ic. a non differentiable 
function may be convex 


Example: Let f :R > R bea function defined as f(x)= |x| VxeR 
: Then f (Ax +(1-A)az) sf (4) +(1-2) f(x) 
(= Pay +(1-a)x| <Aly[+(1-2)]z/) 
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CHAPTER 8 


RIEMANN INTEGRAL 


8.1. 


“nr? sin( = Joos(=) $ASnr? ian( 
i n n 


Definition 
Integration is concerned with the problem of finding the area of a region 
under a cure. 

Let us start with a simple problem: Find the area 4 of the region enclosed 
by a circle of radius r. 7 

For an arbitrary n, consider the » equal inscribed, anc 
triangles as shown in Figure 1. rs 


Since A is between the total areas*of 
triangles, we have i, 
nT 


Gwill use this idea to define and evaluate 


By sandwich theorem, .4 = nr?. 
the area of the region under ag : 
Suppose f ‘is a non-negative function defined’ on the interval [a,b]. We 
(int a finite number of -subintervals, Then we 

‘ dei the graph of f between the areas of 
dat ectanglés constructed over the subintervals 
otalareas /of the inscribed and super-scribed 
‘Wwe make the partition of [a,b] finer 


en explained above formally. 
‘given interval A partition P of [a,b] is a finite 


: uch that @= Xp SH SS pt Sin =O. We write 


ae 


Let us define whate 
Definition: Let [2,5] 
set of points x9 ,24,2>-- 
P={x9.%1s%ys00%n}- 

If P is a partition of [a0] we write Ax, =x, for 1si<n. Let f bea 
bounded real valued function on [a,b]. For a partition P of [a,b], we 
define 

M, =sup{ f(x): <xsx,} and m, =inf{ f(x): <xSx;}. 


u(P, N=TMAx, and L(P.f)= Som 
1 +t 
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Riemann Integral 


The numbers U(P,f) & L(P, f) are called upper and lower Riemann sums 
for the partition P (see Figure 2). 

Since f is bounded, there exist. real numbers 2 and M. such’ that 
ms f(x)<M, forall x [a,b]. Thus for every partition P, 


m(b-1)< L(P, f)<U(P,f) <M (b-a). 
We define 


f (dx) =inf U(P, f) 


b 
And f f (dx) = supL(P, f). 


respectively, a 

If the upper and lower integrals a ate re equal, j y hat 7 is om 
integrable or integrable. 

In this case the common value of i 1) and i iaoalld dad the Riemann integral 


ae 


of f and is denoted by j Sf dor S (x Jae ha 


a 
Example 1: Consider the function /: [0,1 Hee iy by“ 


a and Fala 0 for all xe[0, RO, 


Then fis sic ga: We show this Usipenfhe senile a follows For any 
partition P of [0.1], L(P,f) isa and hendé the lower integral i is 0. 
Let us evaluate the upper inte; .o%_} be any partition of 


[0,1] and sel. X td for § i. Then U(P,f)<2maxAx,. Since we can 


4B 
Ax; is as small as possible, the 


Example 2: Not — boiinded fiinction is integrable. For example the 
function j 


f(x)=1if x is rational’ 


m i 4 a ff a 
Is not integrable-over any interval [a,b] (check this). 


In general, determining whether a bounded function on [a,b] is integrable, 
using the definition, is difficult. For the purpose of checking the 
integrability, we give a criterion for integrability, called Riemann criterion, 
_ Which is analogous to-the Cauchy criterion for the convergence of a 
sequence. ee 
Let us define some concepts and results before presenting the criterion. 
Throughout, ‘we will assume that -f ‘is a bounded real function-on [a,b]. - 
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Definition: A partition P, of [2,0] is said to be finer than a partition 7 if 
P,>F. in this case we say that P, is a refinement of A. Given two 
partition A and Py. the partition RUP,=P is called their common 
refinement. 

The following theorem illustrates that refining partition increases lower 
terms and decreases upper terms. 


Theorem 1: Let P, be a refinement of A then LR. SS EPS) and 
U (PS) SUAS): 

Proof: First we assume that P, contains just one more point than A. Let 
this extra point be x*. Suppose x <x*<x;, where x,-1 and x, are 


consecutive points of #. Let 
wm sinf (f(x):x4 S98 x*} and 


wy = inf {f (x) 0% Sx Sa} 


inf {f (x): 


og 


Then wy 2m, and w, 2m, where m, = 


L( Py, f)-L(BL =a (8 ea) 42 
If P, contains & more points then we repeat ‘this 
other inequality is analogously proved. (Proye'it).. 
The geometric interpretation suggests that.thedowé 
equal to the upper integral. So the next result is algo Anticipated. 


F 
a > 


Corollary 2: i tf a2 f dx. 
a 


a 


we haye L(B.S)SU(ApS)- 


? 


ent the Riemanin criterion (a necessary and 


stenceSf the integral of a bounded function). 
\/for. integrability): f is integrable on 


U(P, S)-L(P,F)<& .Q) 


Proof: For any P, we have 


Therefore (3) implies that 


a b 
{ fax-] fax<e, Ve>0. 
a a 


28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT.. New Delbi-110016, Ph. (Q11)-26537527, Cell: 9999183434 & 9899161734, 8588844789 
E-mail: info@dipsacademy.com: ‘Website: www.dipsacademy.coms 


Riemann Integral 


Ti 
Hence fds reff fdx ie.. f is integrable. Conversely, suppose f- is 


initegrable and s>0.. Then theré: exist pardon FP and’.P,.. Then 
U(P,A)-L(P, A) Ke. 


The proof of the following corollary is immediate from the previous 
theorem. 


Corollary 3; Let f:[a,b]~»R be a bounded function. Suppose (2,) is a 


sequence of partitions of [a,b] such that the sequence {|/P, ||} converges to 0, 
and U(P,,f)-L(P,,f) 0. then f is integrable. “ 


Problem: Let f:[0,1]->R such that f(x)= 


1 
integrable and find J Sf (x) de 


Solution: We will use the Riemann criterion td ghowahiat 7 f is inegnbie on 
[0,1]. Let ¢>0 be given. We will chéose “axpartition P such. that 


U(P,f)-L(P. f) <8. Since <0, ron that’ ‘Ine[0, e] for 


f 


interval [et]. Cover these 


4 Pn%n] such that 


7 
x e[e,1] for: all ae 2,...m and Tags sin oe © length of these m intervals 


finite number of = is by the — [ae 


Proof: Let ¢>0. Sinc vis uniformly continuous, choose >0 such that 
|s~t|<é:> I(r 
Let P bea pattition of [a,b] 


such that Ax; <8 Vi=1,2,..,2. Then 


M,-m,<¢ Wi=1,2,..4n 


Hence 


UPA) -LP.S)= Z(Mimm) Ax S254). 


This implies that f is integrable. 
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Theorem 5: If f is a monotone function on [a,b]then f integrable. 


Proof: Suppose jf is monotonically increasing (the proof is similar in the 
other case) 


Choose a partition P such that Rees Then M;=f(x,) and 
n 


m, = f (x1). Therefore 
U(P.f)-L(P.f) = 2 LF i)-S(%-4)] 
1 


v= —“[ (0) r(a)] 


< « for large n. 
Hence f is integrable. 


In the following problem we will see that limit San eal cannot be 
interchanged. ‘ % 


Problem: Let  g,(v)=4 1+) Boe fie prove that 


1 1 
1 
sim, J &y(¥)dy => whereas J tim 


nal 


Solution: From the ratio test for ps ean eri that lim yas 0, 
or : no l+y 


For thé other part, intépration by parts to see that 


i 


1 Af 1 1 
that [~“—aw< [y= 0 as 
o(tey) J n+ 


Every bounded functioi ‘need not be Riemann integrable. 
if M,m are bounds. of a bounded function f over [a,b] , then 
m(b~a)<L(P,f)<U(P,f)<M(b-a). 

0, 
i (0)={ 


hen xis rational _.. ‘ : 
PS NaS , f is not integrable on any bounded 
interval but f(x) bounded. 
Every constant function is integrable. 


28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Dethi-110016, P 11}-26537527, Cell: 9999183434 & 9899161734, 8588844789 
E-mail: info@dipsacademy.com: Website: www.dipsacademy.com 


+ 2008 Certified institute 
Let f be a bounded function on [a,b]and Pa partition of [a,b]. 1f P* 
is any refinement of P,, then 
@) UPL ASUS) 
Gi) LE ELS) 
7. Let P’be a refinement of P containing r points more than P, where 
Pis a partition of [a,b] with norm u(P)<6 and Lf (x)| <kV¥xe[a,b]. 
Then 
i) UP, ZU, f)— 2rkd 
Gi) LP", f) SLOP, f) + 2rk8 


8. If Band Aare any two partitions of [a,], then L(R 
an upper sum can never be less than any lower sum.” 


9, if M, mare the bounds of an integrable functi ns. over [a,b], then 
: : . 


i 


ites yes <M(b-a). 


sO 


* R . ‘S, o & 
10. If f a bounded function on [4,5] then for.each\e>-0 there exists 520 


(a) ulp,f\<|fdcre 


‘For.all partitions P of [a,b] wi 
1.-If fis continuous and integrablen [a6], then there exists a number 
clying between a and of dx (b-a)f(c). 


12. Jf f is bound Stich that |f(x)]<kVxe[a,0], 


then 


lb 
f feel <k 


{condition for the Integrability of a bounded 
at to ‘every €>0 there corresponds 5 >0such that for 


of [a,b] with orm u(P) <5, U(P,f)-L(P,f)<e. 


14, A necessary an sifficient condition for a bounded function f to be 
i iv. 
integrable over [ae] is shat jim w(P, f)=0, where w(p,f) is 
38 Hey 


oscillatory sum of. [a Bh! 


15. Every continuous function on [a,b] is integrable on [a,b]. 
16. An integrable function on [a,b] need not be continuous function. 
17, Every monotonic function f on [a,b] is integrable on [a,b]. 


18. A bounded function f having only finite number of points of 
discontinuity in [2,b] is integrable on [a,b] 
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19. If a fimction f is bounded in [a,b] and the set of its points of 
discontinuity has a finite number of limit points, then / is integrable in 
[a,b]. 
20. Ifa bounded function / is integrable at [a,b] implies f is also integrable 
on [a,c] and [c,6], a<c<band { [ fax= f fas]? fax. 
21. If f is bounded and integrable on [a,c],[c,b] then / is integrable over 
[ab]and f' far=[ far+]’ far. 
22. If f, and f,are two bounded and integrable functions on [a,b], then 
(i) f£+f, is bounded ~ and — integrable © 
6 6 b ’ 
PUth)aa[ fart lhe. 


(Gi) fA-f is bounded oe eat 


porttveee an 


eae tie oS 


[@, b]. : ca te 
» 25. If f, and f, are two bounded and ita le functions on [a,b] and let 
| Se 


“A> such that AG N> 4 fgg xiv'faxd], then 4 is bounded and 
me ; 


2 


ee 


+ ad then there ¢ exisiga num ber iu fying between the bounds of f sists 
that f° fede = uf", gdx 
30. If [oa and Pea both exists and ¢ is positive and monotonically 
decreasing on [a,b], then there exists a point ¢e[a,b] such that 
b 
[isae= oo) fede. 
31. If ie fdxand i. gdx both exist and f is monotonic on [a,b], then there 


exists some £ [a,b] such that [ feax = F(afi gars f(0)[ eae : 


” 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near 1.1.T., New Dethi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 
E-mail: info@dipsacademy.com: Website: www.dipsacademy.com 


Riemann Integral _ 


32. If fis a non-negative continuous function on [a,b] such that f : jfir=0, 
then f(x)= 0, Wx. [a,b] S 


33. Let f be bounded integrable on [a,5] then ‘PL e)\far=0 6 fle) =0 
at every point cof continuity of f . 

. If the function f and ¢ are bounded and integrable in {a,6] then 

[f f(x)o(s)ar] < f°LP(x)] ax ff (x)] ae and equality hold only if 


f&g are constant, 


then F is uniformly continuous on [a8]. 


- If f is bounded and integrable on [a, 5], 


(a$x<b) is continuous on le, b}and | If fis. continuous on [a, b] 
then F'=f. \ be : 


Improper Integral 


Integral 


Definite integral 


(Crea): 


Finite & fi (x)i isd oun [ay b]s such type of integral or a & b are finite 
but f( (x)i is unboundedis vays convergent. 


Introduction 


In the chaptér of Riemafat tera the theory of integration was developed 
under two.assumptions ._ 


@ The intervail of integration was required to be a closed & bounded 
interval. 


Gi) The integrand: was required to be bounded:on the interval. 


*. The scope of the theory of integration may be widened by relaxing 
these restrictions. If these. restrictions are relaxed we have the 
following two type of integrals, called improper integrals or infinite 
integrals. 
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unbounded. 


(b.) Improper integrals on an unbounded interval. 
properties of each type separately_ 


having infinite discontinuities: 
Point of infinite discontinuity 


tim 
xa 


f(x)=+00 or -00 . 

1. Convergence at the left end point 
(i) Let the left end point 'a' of the closed & bounde 

the only point of infinite discontinuity of a func st 


bounded and integrable on [ate, b] for every 
O<e<b-a. 


em oF S() \dx exists. 


e~90" 


Thus, ff(x)ar=',, |" Aa)ax 


exists. a ba 


e improper integral [ra is divergent. 
x ; 


The integrand is 1 
ee O<e<l. 


mer Lo et ced = 0 tm [2- -2We |=2 


1 


28A/11, (First Floor) Jia Sarai, Hauz Kh: 
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(a.) Improper integrals on a finite interval where the integrand is 


Now we define convergence of improper integrals & discuss the 


A. Improper integrals on a closed & bounded interval, the integrand 


A point x=a is called point of infinite discontinuity (P.L.D.) if 


satis 


Sy, sng : + . 
provided: that limit on R.FLS. 


If the limit does not exist, we Say. f improper integral c Sf (x)ae 


ded and integrable on [0+¢,1]; for all < 


Therefore, the improper integral fe is convergent & 


Riemann Integral 


2. Convergence at the right end point 


Let the right. end point ‘b' of the closed & bounded interval [2.6] be the 

only point of infinite discontinuity of a function i (x) which is bounded 

& integrable on [2 b- e] for every e satisfying 0<e<b—a. 

‘Then we say that the improper integral 1 : fi (x}dx exists, or converges at 
if, las one I(x) dx exists. 


b mM be 
Thus , f fi (x)ar=! J (x)dx ; provided that the. limit on RLS. 
exists. 


not exists or is divergent. 
Example: 
F : Cee Lae Cer eee eee 
(i) The integrai Co Is impropéry.g 
-x 
discontinuity of the integrand. 


Clearly, the integrand is bounded api iat o (0, €] for all © 
satisfying O<e<!. : a : 


pe 
[-loge]=0. SS i‘ 


Jim We 1 dee tin 


e-90' Jo 1- x €0") 


per integral iF ose is convergent & 
=x 


3. Convergence at the poth end point 
Let the end points a&é.b “ e only points of infinite discontinuity és a 


s 
function .f\ (x) which is bounded & integrable on [a+e,b-e'] for every 
¢e' satisfying 0<c,6'<b~a. : 


Let cbe any point such that a<c<b. If the improper integrals and 
[fr (x)a@x both converge at ‘a' & 'b' respectively. Then we say the 
improper integral t fi (x)ar converges &write 
f fQ)d=[ S(x)de+ Ha}ex 
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Example: lige) 


infinite discontinuity of the integrand. 
Clearly, the integrand is bounded & integrable on [0+¢,2-e'] for all ¢,¢' 
satisfying 0<e2,0<e'<2. 


is improper integral , since 0&2 are points of 


im! 1 Ie atin _# 
we Lye eel OM : 
im fee 1 tim ne 
ooh Fey aL SN = 


i 


—==——dy is convergent & [, 


Therefore, ik [o-s) 


4. Convergence at ee . the mid point: 


fy ans Proye < 
Tarte, bots tet TER Pecos on 
ir () Neate [PS lees LOM. 


on 


x 


If the improper integral ) 


I 


called the Cauchy ‘principal value of the 


oe. im .(-loge') & this limit does not exist if e>0",<' +0" 


independently. 


But aie f(a}aet J [eyes], M4. (logeloge)=0 


O+e 


Therefore, the integral i f(x)dxis divergent but of f(x)ae=0. 
4 a 
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B. Improper Integrals On An Unbounded Interval: 


1... The improper integral f f(x)dx.; where -f is integrable on [a,tht>a and 


; [ri (x)ar=™, J I (x)dx ; provided that limit exists . 


If limit exist finitely then the improper integral [ fi (x)dx is said to be 


convergent. If limit does not exist finitely then the improper integral 


J I (x)& is said to be divergent. 


co t t 
Example: { T (x)=, fevar=in, 
a 0 


cy 


0 i 


Similarly , [ae is divergent. 
5 dtx 


en! 


b i ra a 
2. The improper integral J ft (x)dx ; where | ig itegrable 6n [1b]; 1<b & 


bo 6 
fr (x)dx_, f Ff (x)dx ; provid i ists. Jf limit exist finitely 
wae, ee! C2 . 
sy see ha ong fhe é 
then J f(x)dxis convergent e. i(x)is Said to’be divergent . 


Example: { aes the éntegrand is integrable on any closed interval 


[A-fht <6 - 


frat | dryacR F 
1+x j+x 


0 


a 


ne 


vex 


(O14)-26537527, Cell::9999183434 & 9899161734, BS88844789 
awww.dipsacademy.com 


t 

dx a = i Fo a 

& j z=tanf-tan a=", (tan” a—tan™ ‘t= =i—tan "a 
vl+x Zz 


+ dx 4 4) Ps Ei 
J >=| tan a+— [t+] —-— tan a |= 
sltx 2 2 


° ds 
Thus, [> ail 
fhex 


is convergent. 


Comparison Test 


& & 
1. Let f =| f(x)axl, =[e(x)ax be two improper integrals where. 
@ a . PER de 


(i) f and g have only P.I.D. at x=a 


Gi) f and g are non-ve 


(iti) £(x)S2(x);Vxe[2,0] 
Then 


b b 
(a) If Jetejax is convergent then J f 


. (b) If f f (=)axi is divergent then ieonen : 


for wo |r 


tw improper integrals . Where f,g are 


nite discontinuity such that__ 


%. a y 
2. Now, if b-Soo then all ie fesult is same for [rte f(x) (x)dx using *. 


ae 
eS 


in [a,t]. 
Note: If £=0 & j g(x)dx convergent then j f(x)dx convergent & if 


f= & fe(a)ax divergent then f f (x)dx divergent. 


183434 & 9899161734, 8588844789 
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Results: 
1, : 
@ f pa is convergent if P <1. and. is divergent if P>1 
ox 
Gi) f a dx is convergent if P>1 end is divergent if P<1 
(a>0) * 
ed 
(iii) j 7 & is convergent if P<] and is divergent if P>] 
. (x-a)P 


b 
(iv) J—; dx is convergent if P <1 and is divergentif_P 
a (6 i x) 
x 
2 si 
Example: 
ox 
sinx . sinx 
x? x 
sinx | 
> so 
x? xP 
f) (a) 


= 


Psa 


= 

5 

las dx is convergent if P~1<1=> 
. = 


z it 
ight, 


Poe 
sinx ; 
=> |= convergent if P 
0 x 


: me 
By limit form test: lim = 
x0 


1 f Asinx . 
=> is convergent for. 9—1<k> p<2 > —,& Convergent if p<2. 
x : 7% 
4 


er oe ce  Meinx, . 
>— is divergent for p-l>1=> p22 > | ——dx Divergent if p>2 
xP ; ey ee 


é 


Absolutely convergent: -The improper integral f SF (x)de is said to be 


~ ~absolutely convergent if the integral fr (x}ax is convergent. 


Definition is same if .a——oo 
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rgent but not absolutely convergent in 


e |The improper integral which is conve: 
called conditionally convergent. 


sxeQ 
Example: (x)=) * : & f(x) is defined on [1,00] 


red 


=If(x) (eS xef],00] 1 = [ree convergent 


= f(x}dris AC. =f f(x)dx convergent 
1 J 


Test for Convergence of the Integrals of a Product: . 


1. Leta function f be integrable on a X|Vvx>a & th ep t f Gee 


Then the integral {r (x).d(x)dx is absolutely onvérgent. 


tim ¢(x)dx=0 


Then the integral 


| a convergent. 
oo at 
Example: {> i 


9 


1 : 
Let f=—pig=sin’x 


x 
t 
Here , j|sin fn lem Vtela, co] 


3, 
i: then i= 


9 


is convergent 


cod 
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Cauchy. — Maclaurin Integral . Test: 


lf f-in a. monotonic diséasing 


function on [1,00] & f(x)>0' Vrefl,o] , then the improper integral J f(x)dx 
iv GF 


& the infinite series >" f(x) converge on diverge together. 
* 


1 
Beta Function: The integral Jee)” dx:m>0,n>0 is called the Beta 


0 
function & it is denoted by B(m,n). 


1 
Thus, B(m, n)=[x"" (I-x)" dxzm>0;n>0 
0 


: x 
The improper integral J ae (1x) is convergent,if’ 
2 


Kgl 


Gamma Function: The integra fe x 


function & it is denoted by [(x) 


Thus, sie 


#-Test: Let abe 
ri which is integrabl 


aly point of infinite discontinuity of a function 
eon eres) for 0<e<b-a & F(x)>0; Vxe(a,b] 


re. 


4, 
if of (x)(x-2)" =f s(¢0) then i f(x}dx in convergent iff <1. 


Note: If f ea =; where £ is a finite non —zero no. then 


i I(x) dis convergent iff wt. 
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CHAPTER 9 


UNIFORM CONVERGENCE 


9.1. Definition 
Previously, we have studied sequences of real numbers. Now we discuss the 
topic of sequence of real valued functions. A sequence of functions {f,} is 


a list of functions (fj, f),.) such that each f, maps a given subset D of R 
into R. i “ 
1. Pointwise convergence 


sequence | Sah. : 
Example 1: Let {f,} be the euch foto on R defined by 
f,{x)=nx. This sequence does Tigt at Bonyeig ‘ge pointwise on I ‘because 


Bak NPs for any x >0. Sorac 


Emumber x, we have : 


Z 
x(n) + tim J)-0+0=0 
noe nn n2 . 


Show that {f,} converges pointwise. 


Solution: For every x in R, we have 
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Applying the squeeze theorem for séquences, we obtain that 
lim f,(x)=0 forall x in R. 


Therefore, { J,} converges pointwise to the function f =0 on R. ieee : 


Example 5: Consider the sequence {f,} of functions defined by ; 
Sr{x)=n?x", for OSx<1. Determine whether { Sy} is pointwise | 
convergent: 


Solution: First of all, observe that /,(0)=0 for evety-z ih.N. So the 
sequence { F,(0)} is constant and converges to zé low suppose 


<1, it follows. 
that 


lim f,(x)=0 for 0<x<] 
noe 


; 3 is not 


pointwise convergent on [0,1]. 


" rd < 
Example 6: Let {f,} be the seqentgad_ motions defined by 


f(x) = cos" (x) for = s rst. be intwise convergence of 
the sequence. 


Solution: For, ~FSx<0 ang for 


<cos(x) <1. 


It follows that 


sfistcet nies her eet 


lim (cos (x) 


Sn(#)= nx(1-x)" one [O31]: 
Show that {,f,} converges pointwise to the zero function. 


Solution: Note that f,(0)=f,(1)=0, for all neN. Now suppose 
0<x<I, then ; 


lim f, (x)= tim nxe™®(-*) = x Tim ne™2(-*) = 0 
OO nn noe 


Because in(i- x) <0 when 0<x<I. Therefore, ‘the given sequence 
converges.pointwise to zero. 
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son R defined by 


Example 8: Let {/,,} be the sequence of function: 


ae j 
3 if O<xs— 
f, ee n i <x F 


1 otherwise 


Show that {f,} converges pointwise to the constant function f =1 on 


R. 
Solution: For any x in R there is a natural number N such that x 
does not belong to the interval (0,1/N’). The intervals (0,1/7) get 


smaller as n>. Therefore, f, (x)=1 forall n>. Hence, 


tim f,(x)=1 forall x. 


For Formal Definition of Pointwise Convergen 


Let D be a subset of R and let {/,} converges ponitwise to f if given 
on 


any x in D and given any, ea. {heres waist peagtoral pumber 


N=N(x,) such that 


\fy (x)-f@)IK< e for every n>N. 


means. ‘that the natural number NV 
ne 


NA 


Note: The notation N=N (x,6) 
depends on the choice of x and «. 


ee 


a sequence of real C 


2. Uniform convergence o 
Definition: Let D bea uae of B ayer 
valued functions defined on b ng f,} con ’ byes. uniformly to f if 
given any €>0, there exists an sitiral umber 


rgence i fintibe convergence. But the 
efrom thi following counter-example. 


This function converges Pol twise to zero. Indeed, (14022?) ~ n2x? as 


n gets larger and large 


jim im fr, (x)= lim 


nao nxt xn Nn 


But for any ¢ <s we have 


omc 


Hence {f,} is not uniformly convergent. 


aloe 
2 
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Theorem: Let D be a subset of R and let {f,} be a sequence of 
continuous function on D. which converges uniformly to. f on D: 
Then / is continuous on D 


Problem 1: Let {/,} be the sequence of functions on [0,1] defined by 
f,()=2x(1-x4)", Show that {f,} converges pointwise. Find its 


pointwise limit. 


Problem 2: Is the sequence of fimctions on (0,1] defined by 


i 
fn (x) =(1-x)n- pointwise convergent? Justify your answer. 
Problem 3: Consider the sequence {f,} of functions‘defined by 


ar obec ca eg 
2n+1 
int wise limit. 
ee 
Problem 4: Consider the sequénce ction’ defined on [0, x] 
by #,(x)=sin"(x). Show that {7} conyerges,"y Oi 


sy 


pointwise limit. Using the above theorem; ‘show’ that'-{f,} is not 


uniformly convergent. 


9.2. Quick Review for Uniform aan 4 


x 


en 
. The sequence of function x" co race tory to “0. on [0,a] where 
~ Meme A 


0<a<1, but not on [0,1). oe 


2. If f,(x) ° converges point: M88: to “f(x).on’ Sand 
ae y Fe 
M,, = sup |f, (x)- f(x), th converges uniformly to f(x) on 
xeS & 


7 defined on a set S converges 
* €>0 dmeN - such _ that 


Tges on. [0,1] to. 0 if O<x<1 and to 1 iff 


wever, the cohvergenc not uniform on [0,1] . 


A sequence /, (x) idefined ona set S is said to be uniformly bounded 
0 such that|f, (x)|<k VxeSand neN, 


If. the sequence of Goatinuous functions f,(x) converges to a 
contimous function f(s) ‘on a compact set. £ and 
Sn(x)> fii(x) VneN and xe£, then f(x) f(x) uniformly on 
E. 

If f,(x) converges uniformly to a function f(x)on S, and x be a 
limit point of S., and lim f,()=9, , then @,. converges and 


lim f(t)= 4 
eae Baas: 
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8. If f,(x) converges uniformly to a function f (x) on a set S and if 
each f,{x) is continuous at ce S then f(x) is continuous at con 5. 

9. (tan as) is uniformly convergent on [a,b],a >0, but it is only point- 
wise convergent on (0,5]. 

10. If f,(x) is monotonically non-decreasing sequence of continuous 
functions on [a,b] and point-wise converges, then the convergence is 
uniform on [a,4]. 

iL lf f,(x) is monotonically non-decreasing sequence of continuous 


functions on [a,b] and the sum function >) f,( 


[a,b], then >" f, (x) is uniformly convergent on [@, 


continuous on 


[a8]. \ 
13. lf f,(x) is a sequence of integrable functions, 
Ny 


converges uniformly to a function f(x) ot 


integrable on 


I. fy (t)dt converges to [ f (sat, uni mmaly'on [2,5]. 


14. If f(x) converges for a pola oe) and Kix) converges 
" “uniformly ‘on’ [a,b], then £/(#) ¢ nverges uniformly to a function 
' xe(a,b]. 


ot oom 
17, If the sequenceso ; 
f(x) converges, ise to’a continuous function f(x) on [4,b], 


18. If f,(x)—> f(x) uni 


on [a,b], where each f, (x) and g(x) are 
continuous on [a,b], then : 


— tien fe) (2) ae ff £(@) 2() 
19. If each f,(x) is integrable on [a,b] and f, (x) > f (x) uniformly. on 


[2,6] thenv f(x) is integrable on [a,b] and lim J ee (x) dx exists, and 
nao 7 


is equal to i f(x) a. 
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20. If 7 -» f uniformly on a set.s and x@5' so as each Jip fi 98 toyx 
exists on. S , then ‘limf. as tx exists on S. and 
lim f(t)= lim. lim f,(¢) on S. : 
tx NP [3X 


If f,(x) converges for a point in [a,b] and fi (x) converges 
uniformly on [a,b], then J, (x) converges uniformly to a function 
f(x) on [a,b] and f'(x)= lim fi(x) Vv xe [a,b]. 

no 


- > f:() converges uniformly on S iff for every ¢>0 3meN such 
nl 


that ran (x) +fas2 (x) +--+ Snap (x) <e V n2m, p20-and xeS. 
. IF Sf,(x) > F(x) uniformly on a set S and x be 
and lim f,(¢)=a,, then )\a, converges and. i 
tx 


If f,(4) are continuuus at ¢ ev and "Sf, ( 


S,then f(x) is continuous at ces. 


If each f,(x)eR[a,b] and : Jn (x ) comer iformly on [a,b], 
then {” SJal)de= xf rAG ES . 

If f,(xjeR[ab] vn and > sf, eae S uniformly to F(x) on 

: a (x) 


fad), then x i Jn(x) dx coy sou i f( (ane on [a,b]. 


n=] 


Tf f, (x) eR[a,6] Vv onverges uniformly to f(x) on 


[a,b] and g(x)eR[a 6] then > “8 (x) Sa (x)dx converges uniformly 


Sr (2) avn for some ee ce[a,b], 


uniformly on [a,b] and s'(x)=> f(x) on 


. If f,(x) has continuous e ivatives on [a,b] and >’ f,(x),> fu (x) 
converge uniformly’ to: f(x) and g(x) respectively on [4,5], then 
f(x) is differentiable and S'(x)=a(s) on [2,8]. ; 


. If |f,(x)| <M, VxeSand neN, then >°f,(x) converges uniformly 
{and absolutely) on S if 5°M,, converges. 
A q rd 
- The series ¥°3” ra converges absolutely and uniformly on (a,«), 


where a>0. 
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32. The function f(x)=°b" cos(a"ax)} where 0<4<I1 and a is an odd 


=) 
positive integer such that ab> 143m, is everywhere continuous but it 
has no derivative for any xeR. 

33. If 377, (x) converges uniformly on a. set S, then f,(x) converge 
uniformly to 0 on S. 

34. If )°/,(x). ge, (x) converge uniformly to f(x),g(x) respectively 
onaset S, then >°(f,(x)+g,(x)) converge uniformly to f(x)+e(x) 
respectively on S also Sk Sy (x) will converge uniformly to k f(x} on 

S, where k is any constant real number. 4 : i‘ 
35, }°x" converges uniformly on (-8,5) , where .1>8>0 but “hot, on 
(-1,1). " 


36. If > /, (x) converges uniformly to, f(x 


[2,6], then f(x) R[a,b] and wae) a=} 


37. If each f(x) is continuous on [a,b] and > Ai (x) converge 


uniformly to s(x) and g(x) respectively ot a,b) then, s'(x) exists 
wo, 


and s'(x)=g(x) on [a,d]. 


\ * 
% 


38. If 5’ f,(x) converges uniformly: nie &u(x) is monotonic 
Nie series > Sy(x)g, (x) converges 


and uniformly bounded on S, then" 

_ uniformly on: S$. a pore 

39. If }f,(x) is uniformly botindéd’ on “5 and/'g, (x) is monotonic and 
converges uniformly t : then’ by Jn({x) 8, (x) converges 
uniformly on S$. , rf 

40. if 3 F,(x) to f(x) on a set S and Sia, 
converges to a, th ‘or 


on S. 


a 
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| 
| 


Bae = {Gp remot JeR": 


CHAPTER 10 


FUNCTION OF SEVERAL VARIABLES 


Definition of n-tuples 


The Euclidean n-space R” is the set of all n-tuples (x,...,x,) of real 
numbers x;,/=1,..,7 (called vectors.or points) on which the two operations 
of vector addition and scaler multiplication are defined ag follows: 


(i). For any two points (2,...,x,) and (31,.5,) in R" 
GicneOdeGyesa 4 
(ii) For any ae R and oe 
(Xp yooey %y ) = (GM yey 


‘ : 
we can. Write a-(x,...%))=4(%j,.%,)- IB x eR "thie x=(%,..%2) for 


some real numbers x,...,x, , and x, is calledhe ne of x. 


_ Neighbourhood: Let 5 CR” and a = {a . 
. neighbourhood of te “de > Q’ such that 


r 
Open Set: Let S cR” be a wer 


Remarks: 


(a) An open Ball, 


ibaliin R” 
({c) The two set 


moreover there ‘other subsets of R” which is both open and 
closed. 


Important Results: 
The union of any collection of.open sets in R” is open. 
The intersection of a finite collection of open sets in R” is open. 


~The intersection of any collection of closed-sets in R” is closed. 


The union of finite collection of closed sets is closed. 


A subset A of R® is open iff 4 is the union of a countable collection 
of open rectangles (balls). 
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Fanction of Several Variables 


6. A subset 4 of R” is closed iff 4 is the intersection of a countable 
collection of closed sets. 


7. Let 4 be a subset of R” and w be a point in R”. The translation of 
A by w is denoted by w+4 and is defined by w+dsf[wtrive 4}, 
Then 
(i) Ais open if and only if w+ is open. 


(ii) Ais closed if and only if w+ A is closed. 


Cluster Point: A point x¢R” is called a cluster point of Ac R” if 
every open ball containing x has a nonempty intersection with 4— {x}. 


If xe but it is not a cluster point of 4 then x is called an isolated 
point of die. xewnA-[a} #6, x€4, wOA= i} : 


Product of Sets: Let 4cR" and BCR”. 

denoted by AxB is 

AKB = {A s0.% ge oeorYm)i (Moertn). A & (13 
ne % 


xed&yeBthen the point (4. x, 055 


(xy). 


R" xIR™ a Rem . 
Let 4c R” and BCR”. Then 


“es ets 
(i) A&Bare open sets in R” ae cit iff AxB is open 


in RV", Daas 
(ii) 4 and Bare closed sets’ in R” 
closed in R"*™", 
Let 4,BcR”. Then 
(i) AUB=AUB 
(i) ANBCAQB 


pir 


respectively iff AxB is 


f:5S->R is called real valued function on n 
led no two different images are mapped under 
eS, L(x) # fO) > x# y. 

Limit of a real valued function on- 7 variables: 

Let SCR” be a subset of R” and f:SR be a function. Let 
G&=(;,09,...0,) be limit point of S and /<R. Then we say limit of f as 
¥=(41,27,.4%,) 9 (cy,02,..0,) is 7 and we writer Him f (2,950) =2 if 


same point in Si.e. for 5, 


for each e>0,3.8>0 such that [FG ¥2.-%,)-l]<e , whenever 


0 <V(% ~a; y tent (Xq ~o,)° <8. 
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Function of Several Variables 


13. Let: & g be: two real valued function with:common domain 4¢R"; 
and_¢ a cluster point of 4. If lim f(x) and tim g(x) exists, then 
xe xe 


. 2 2) = lit ahi ; 
@) lim (f+ 8)(2)= lim 7 (x)+ lim g(x) 
(ii). lim (f-g)(x) = lim f(x): lim g(x) 
te xc xe 
f lim f(x 
(iii) lim| + |(x) = 2*—~— provided g & its limit at ¢ not vanish. 
xocl g lim g(x) 
xe 
Continuity of a Function at a Point: 


Let f:D-»R, where D is an open subset of R*, Th nf is said to 


a= (1, 225-Lq ) : 


In other words, f is contimious’ at @point “(as 
any ¢>0 , there exists | sdme” ESO) such that 
*y “~, 


[PCa ekg) — L(t oda yoes ty )] <8 ree when 


y (4-4) tot (uta) | <6. 


exist. Then 


@ (f#2), 


et f !D—>'R be a real-valued function 
defined on an open'ge . Then / is said to be differentiable at a 


point “(a,b)eD , ify (d4h,b+k)-f(a,b)= Ah+ Bhai? +k" 2(h,k) 
,Where “ands are real numbers independent of h and k, and z is 


areal-valued function such that lim _g(,k)=0. 
 (lgk)-9(0,0) 


Equivalently, f is differentiable at (ab) , if 
f(a+h,b+k)-f (a,b)= Ah+ Bk-+hd;(h,k)+hby (hk) where 4 
and. B are. real numbers independent of h and & and (hk) , 
$, (4,4) and $2 (h,k) converges to.0 as (4,4) => (0,0) . 
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Remark: 


(i) It may be noted that the constants 4, 8 appearing in the definition 
of differentiability of f are given by : A=, (2,4), B= f,(@.6) 


(ii) If either of f,.f, does not exist at (a,b) , then f is not 


differentiable at (a,5). 


15. If a function f:D—>R is differentiable at (a,b)eD, then f has 
partial derivatives f, and f, at (a,b). 


16. Ifa function f:D—R is differentiable at a point (a 2) eD, then f is 


continuous at (a,6) . 


Remark: The converse of the above theorem: may “hot be true: A 
function may be continuous at a point without being ‘differentiable at |. 
that point, eu, 4 


SN 


oleae 


17. If (a,b) be a point of the domiin of “defini a 
that 


a function f such 


(i) f, is continuous at (a,b) 


(ii) f,. exists at (4,0), 


/y =h(t) are both differentiable functions of 


t. Then z isa differentiable function of + and & 2S ff x 
di edt Oy dt 


Chain Rule 2: Suppose that z= f(x,y) is a differentiable function of 
xand y, and where x=g(s,t), y=h(s,t) and the partial derivatives 
8x84, and h, exist. Then 


= + 
@s ex as av as ot Ox OF ey oF 
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‘Directional Derivatives: Let f be-a function of 2 variables defined 
ona disk D centered at (x,,2,..%,) and let u=(a,,a,,...4,) be a unit 
vector. Then the’ directional: derivative’ of fat (x,%9,.¥,) in the 
direction, of u , denoted’ D,f(x,%,..%,) is defined by 


tim Zt hae THA yoo Xp + RAy )— f (34,%22--%y ) 
40 h 


If limit exists. 


. A Sufficient Condition for Continuity: 


A sufficient condition for a function / to be continuous at (a,b) is that 


one of the partial derivatives exists and is bounded in a neighbourhood 
of (a,b) and that the other exists at (@,8) . 


derivative in the direction of any unit, . 

Dif (%¥) =f, (y)a+ fy (29) B= Vf (ay): SS 

Remark: If the unit vector y ae ee 

axis then we can Saas sin®) 
Dy Ff (%05¥0) = fx (20,99 0088+ fy ( (ope Ss 


Function from R" to R” : eee ran defined as 


f (4%, +» Fn) =(b10205 Om) is gall nc ion in variables to m- 


variables, where for each a 


function i in n r ~variables. 


@ Definition (Limit): Let F 
A. Then f is said t i E 


(iii) Definition (Unifors “contin ity): Given a function f:A>R”,f is 
said to be uniformly, iy, continuous on 4 iff Ve>0,35>0 such that 


Wage ile At SQ) <e- 


(iv) Definition (Diffrentiability): Let 4 be an open set in R” and 
fA, then f is said to be differentiable at ae A if and only if 
there is a linear ‘transformation A:R"->R” such that 


nC 
jn|Cles") cel MO Olf / is differentiable at every. point of 


hd 
A, then St is said to be a differentiable function. 
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20. Let f:A->R™ , where ACR" and c is cluster, point of A then 
lim f (x)=! iff Himo;(x)=/, i=1,..m 
xe roe 


21. Suppose f:4—>R,4cR" and c is a cluster point of A. If lim f(x) 


xc 


exists, then 3M >0,5>0 such that Vre A 0<[x-e]<8 =|f@)| <M. 


22. If f:4>R”,ACR" and c isa cluster point of 4 such that lim f(x x) 


roe 


exists then lim|/(x)] exists and further more lim |= = fim f(x}. 
re xoe re 


23. Let f:A4->R”,ACR" and aed, then f is continuous at a iff 


Ss, 


6;,0=1,...m is continuous at a. 


ae 


24, Let f,g:4>R”,ACR" and g: AR. If f, & ade re ‘continudus.. 


at aeA, then f+g,f-g and o-f areall continuous: ata LEA. 
eae 


oy 


25. If T:R" > 
function. 


27. Let f:A>R” and g:BoR*, sete 


range f . If lim f(x) =beB wand g is 
ae g(). 3 


3 IR” such that Bo 


continuous at b then 


a Bow SS 
3 be. Let fe Yok ‘ giB>® 4s _ and such ‘bat ange fos. 
Suppose f is continuous at on ad gi is,continuous at f(a)<B. 


Then. gof is continuous at a. 


oo. fis Sontinious on. 4 iff for every open 


mt 
7 Exists 


31. Let mand n 1 lim 
(zy) 9s ox? 4 +y* 


Positive integers then the limit 


oa) 


if.and only if m+n 


32. Let ACR".be a subsetand- f:4->R” be a function differentiable at 
aeA, then f is continuous at a. 


33. Let ACR" be open set and, f:4-»R” be a function defined as 
SF (2X25 %n)=(1bo0—9m) » Where 6:R”>R be real valued 
function Vi=1,2,..,.m-Then f is differentiable at a¢A<> each 4, is 
differentiable at a and its derivative is given by 


f'(a) =(0: (2). 4 (@),--4 (2) - 
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Jacobian Matrix: Let  f:DcR” > R”™ defined by 
F (io % 2508) = (1.6204 9m) Where $,:R"R ‘is a. real vahied 


function, where 1<i<m . Then matrix of derivative at x=c is denoted 
by D(f(c)) and it is defined.as 


BOT soe Ohi 
Ox OX, 
D(f}=} i 2 EG 
Oxy Ox, 


10.4. Maxima and Minima of Functions of Two Variables ~ 
Definition: 

fico eG ts 

(i) A function f(x,y) is said to have a maximum at ‘a‘point*(a,b) if there. | 

exists aneighbourhood N of ae i, «Such that 


F(arkb+k)< f(ab)v(a+hhskyed—i(a AN eee 
The set N—{(a,b)} is called a deleted nsigiponaea Por (a,b). 


(ii) A function f(x,y) is said to have a eters (a, d) if there 
exists a. neighbourhood a, ae) b) /* such that 


f(athb+k)> f(a,b)V(ath, a 


GA function f (x,y) is said to have ta ty point (a,b) if it 


has eithera maximum or mini = 


A point ie, b) is said to be Acritié x ction ae y) if K, 
and f, both exist at (a,b 


as an -xtremun at any point : b) of the 


partial derivatives and 
iy (4.0) =C. then 


(i) f has maximum at (a,b) if AC-B? >0,4<0. 


(ii) f has neither maximum value nor minimum value at (a,b) if 
AC-B’ <0. 
_. (iv) f may-or may not have an extremum-at (¢,6) if AC-B? =0 


(This case is-:often called the doubtful case, which needs further 
‘investigation) 
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10.5. Compactness of Connectedness i 
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"70, 


>t SS UCM 


1. Acollection O of open sets is an open cover of 4 ifevery point x in 
A is in some open set in the collection 0. 


2. Aset 4c R” is called compact if every open cover O of 4 hasa 
finite sub cover of 4. 


3. (Heine-Borel Theorem): 4c R” is compact iff 4 is closed and 
bounded. 


4, If BCR” is compact and xeR" then {x}xB is compact in R"””". 


5. If Ac R" and BCR” are compact then Ax Bc R"*” is compact. 


6. If 4c R",7=1,..,4 are compact then A, x A, x...x Ajs 
compact. 


Sequence of nonempty 


Then (lize. 
icN 


and bounded subset of R" , and {Fi} 


closed sets in R" such that F, > F, x 


9. A'set ACBCR" is said to be CR ifdoe. If 4 is 


‘dense in R it is simply calledia,dens bet 


Oe, . ‘ ans " FR 
. If {£20 1eN} is a collections®f dens set, then [] 2, is 
ts neN 
nonempty. 
11. is’not the intersection of a countable 
12. is not the union of a countable 


13, , continuous and 4 is compact then (4) is 


14, 
, a‘maximum and minimum value on A. 


15. Let 4c R" be compactiand if f:4— R” is continuous and one to one 
then the inverse function is continuous. 


16. Let 4cR" be compact and if f:4—R” is continuous then f is 
uniformly continuous. 


17. Let 4c R” be compact and # be closed subset of A then 8 be closed 
and compact subset of 4. 


18. Let C be closed and K be compact in R” then K+C is closed. 


‘Let Ac R" be compact. If F: AR is 
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19, Let .4,B be compact subsets of R". then their sum/-A+B is compat. 


20. Let Ac” and U,V open subsets of R" then U&V are said to be a 
separation of 4 if 


GQ UnA#od 


rises 


Gi) Vase 
(ii) UNA) AV AA) =6 
(iv) (UN A)U(V n4)=A4 


21. A subset 4 of R” is said to be a disconnected set if it has a separation 
U andV . Ais called connected if it is not disconnected, * 


i iE MeO 


24, In R”, the only subsets that are open and © : 


25. Let {4,:iel}, where I is index set ,, _ bea golebtion of connected 
subsets of a (metric) space X with th y that forall i,j e/:we 
have 4,04; #6, then 4=|)J4, isc ; ; 


iel 


# 26. Let A be a-countable subset of Re 


27, Let: X, and Y be connectedy(mpett sg 
_& x¥ is ‘connected fe 
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1. Let F be the set of all functions from [0, 1 5. 
o [0, 1] itself. If card(F)=f then 


(a.) F is similar to [0, 1] 

(b.) f is less than the cardinality of [0, 1] 
@ f >e where cardnality of [0,l]is c 

(d.) F is countable 


2. If f:A->B is a one-one map and A is 6. 


countable. Then which is correct 
(a.) B is countable. 
(b.) B is uncountable 
. fe) There exists a subset of B which is 


countable 
(d.) None of these. ‘ 
3. Let A be an infinite set of disjoint open sub 
intervals of (9, 1). Let B be the power set* 
of A. Then- . 


(a.) Cardinality of A & B are equal 
| (b.) A similar to (0, 1) 
| 6) B similar to (0, 1) 
(d. JAB both are uncountable 


4, Match the following list-l wi 
choose the correct: 
List-I 
A. Countable ° 
B.. Uncountable 


8. 


9 
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.(6.) A is countably infinite 


Consider the following statements: 


“4, Choose the correct answer: 


_ images of any non-empty subset of B is non 
“: empty. Then choose the incorrect 
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Let A be the set of lines passing through the 
origin and slope is integral multiple of 
12° 


Then 
(a.) A is similar to R 


(c.) A is similar to the set of months in a yeay 


(d.) A is similar to the power set of R. 


he set of all finite subsets of the natural 
tumbers is countable 


. The. set “Of.all polynomials with integer 
coefficients is countable 


(a.) Only 1 is true 

(b.) Only 2 is true 

.(c:) Both | and 2 are true 
(d.) Both are false 

Let 4 & B are infinite sets. Let f is a map 
from A to B such that the collection of pre ; 


(a.) If A is countable then B is countable 
(b.) Such map f is always onto 
6) A & B are similar 


(d.) B may be countable even if A is not 
countable 


If f be a function with domain A and range 
B then which of following is correct. 
(a.) B countable => A countable 
oS A countable => B countable 
(c.) A uncountable => B uncountable 
(d.) All of above 


‘ich of the following is correct? 
.)The set of rational numbers in any 
interval of finite length is countable. 
(b.) The set of irrational numbers in any 
interval of finite length is countable. 
(c.) Every subset of uncountable set is 
uncountable. 


(d.) All of above. 
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Read the following‘statements 
l.. Sis a countable set 
2.. There exists a surjection of N ontoS, 


3, - There exists an injection of S into N 
Codes: . 

(a.) 1 implies 2 & 3 but not conversely 
(b.) 2 & 3 imply 1 but not conversely 

(c.) 1 implies either of 2.& 3 but not both. 
(GYAIl the three statements are equivalent. 
Which set is countable 


(a.) The set of all polynomials with real 
coefficients 


(b.) The set of all subsets of a countably 
infinite set 


(c.) The set A-B where A is uncountable 
but B is countable 
(d)The set of all finite subsets of. NYC the,,, 
set of natural number) 
If F be set of all function defined on 
Ly = {1,2,3,..9 
(set of positive integer) Then 
(a. F is countable. ° ‘, 
- (b.) F is uncountable “ pe 
(cy F is infinite A Syste 
(dF is countable if B is finite fia ed 
- Select the correct statements 
1, Every countable set is simil 
2. The set of all disjoint 4 
similar to the set of rei 
3. The power set*6f N is 
ofreal numbers. 


ear 


i. 


| tra] 


is 
a 
2 


\ 
Yh, 


12. 


reas aR aC CARs sr enn ova Semisb a 


};meN with range Bak 


1B. 


14. 


Let for each pair of ‘ne 
Pim be the set of ra 


with integral s.t. 
Jao| +|a)|+-.. lao : Where a;'s are 
coefficients then 


(8.) Paya is countably infinite 
(b:) Pan is finite for some m, n only 


(c.) P=U{Pin tmjneEN} ois .set..of all 
algebraic number. 


Fan is finite Vn, eN 


” 16. 


IN 


, 28A/1, (First Floor) Sia Sarai, Hanz Eas, :Near-Li 17.43 New Delbi- 110016, ‘Ph: (011)-26537527,. Cell: 9999183434 & 9899161734, 8588844789 
E-mail; info@dipsacademy.com; Website: www.dipsacademy.com 


‘a' is a recurring decimal number} 


= l£ for ‘some. distinct primes 


p &q} then 
(a.) S is countable but T is not 
(b.) T is countable but S is not 
_keyS & T both are countable sets 
(d.) S & T are uncountable sets 
Consider the fo 


1. Every infinite set is equivalent to at least 
“one of its proper subset. 


lowing statements: 


if.a set is equivalent to one of its proper 
-“~-subsetthen it is infinite set 
.,_ Coder “ 
<) lis ; correct and 2 is incorrect 
“(b.) 2 is correct and 1 is incorrect 
""_(c3)Both are correct 
Ree (a) Both incorrect 
/Let Aj, 4p,..., A, sets, where n be a fixed 


“; natural number. Consider following 
statements: 


ie n : 
‘1. If 4= 11.4; countably infinite, then there 
es i=l 


“exist at least one 4, for i=1,2,...n which 
is countable 
If A=A4,x4,x....xA4, is countably 


infinite. Then each 4; for i=1,2,...0 is 
countable 
Code: 
(a.) 1 is correct and 2 is incorrect 
\{b3278 correct and 1 is incorrect 
(c.) Both are correct 
(d.) Neither 1 nor 2 are correct 
How many statements is/are false? 
1. Cardinality of[0,1]x[0,1] is the same as 
cardinality of R 
2. Cardinality of IR is the same as the 
cardinality of irrationals 


3. Cardinality hes R is the same as the 
cardinality of 


é) Zero 
(b.) One 
(c.) Two 
(d.) Three 


° 
Ips acace 

REGENERATING LOGICS 
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19. Let A be an uncountable subset of R and B 
be a proper infinite subset of N. Define 
f:B->A such that f is one-one, then 


46) A and A~B are similar 
_.) A and A-— f(B) are similar 


ey Rand R-f(B) are similar 
(d-YAII of the above are correct 
20. Let P, be the set of all polynomials of degree 
n with integral coefficients. The P, is 
(a.) A finite set with x” elements 
(b.) A finite set 
. (XA countable set 
(d.) An uncountable set 
21. Consider the following statements. 


I. S be set of all straight line in a plarie 


each of which passes through at least, we ? 


different rational co-ordinate ‘ 


2. if ‘ss adi xbe a rational point of Ri we 


1. If every subset seis co count ble then 
set is countable. "y 


If every. proper subset’, ‘of; a set is 
countable then set is ‘countable 


Then 
(a.) 1 correct 2 may or may not correct 
-(b.) 2 correct 1 may or may not correct 


(c.) Both may or may not correct 


. _ Both correct 


Elementary Set ‘Theory and Countablilit, 


ioe al sets 
B, = A, and for n> en 


nel 


-UA4. 
k=) 


Then form the following statements which 
is/are true 


1. G isacollection of disjoint sets 


. (b2 land 3 
- (¢.)2 and 3 
*(d,) All three 
Which of the following is/are true? 
(a.) The set {e* :x eR} is a countable set 
(b.) The set {log x: x >0} is a countable set 
(c.) {sin x:-2/2<.x< 7/2} is a countable set 
Py (one set of all solutions of the equation 
“ 2" =):n=1,2,... where z is a complex 
ution isa cquntable set. 


if A={(x, y):y=e* xeR} and 


B={(x,y):y=e*,xeR| then 
(a) ANB=¢ 
OYANBES 
(c.) AUB=R 
(d.) None of these 
Let X denote the two-point set (0, 1} and 
write X,={0,1} for every j=1,2,3,... Let 


oO 
Y=[]|-; . Which of the following is/are 


fal 
correct 


({a.) Y is countable set 
_ Cocaine Y = cardinality of 0,1] 


ey Offs 5) is countable 
“ 


=] y 
ey Y is uncountable 
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Which of the following ‘subset of R? is/are- 


NOT countable set? 
BY {(a,0) eR? Jas} 
_oy{(adyer? ja+beQ} 
AC) ‘{(ab) ER? [abe 2} 
(d) {(a.0) eR? Ja,be Q} 


For each J =1,2,3... let A; be a finite set 
containing at least two distinct element, then 


w 
@U A; is countable set 
jel 


iced 
(b.) U A; is uncountable 
jal 


xo 
c)T]4 i; is uncountable 


fal 


(d.) Tl i; is countable 
ee an Oe 
“Consider the sets of sequences 


ee ={(x, i, {0.3} {0,i}neN and 
Y={(x,)<X:x,=] for atmost 


Then. 
et X is countable; Yi i 


: oe is.coun 
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Let A be any'set. Let P (4) be the power set 
of A, that is, the set of all subsets of 
A;P(A)={B: BC A}. Then which ‘the 
following is/are true about the set P(A)? 


(a.) P(A)=@ forsome A. 
(b.) P(A)is a finite set for some A. 
(c.) P(A)is a countable set for some A. 


@ P(A) is a uncountable set for some 4. 


deh of the following sets of functions are 
ountable? (N stands for the set of natural 
ambers.) os, 


wrs6 {f1f:N{1.2}} 
Ss @) {f1f:{12}->N} 


a) (AIF :{1233 NFS £(2)} 


@IPILN {1.2}, 2S 7(2)} 
"Let 4=(0, 1) &B is the sets of all disjoint 
: ‘open subintervals of A. then 


(a.) A &B are similar 


(b.) There is no onto map from A to B hence 
A &B are not similar. _ 


({c.) There is no onto map from B to A 
hence they are not similar. 


\ (dy There is no one-one map from 4 to B, 
hence they are not similar. 
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Let G be the set of all irrational numbers. 6 
The interior and the closure ofG are denoted ec J 


by G' andG, respectively. Then ' wrat One limit point and it is 0 
(a) G=¢, (b.) One limit point and it is 1 


The set [esin2sn eN) has 
Ne i 


(b.) G=R, ; (c.) One limit point and it is —1 
«& ) G=¢, ;: (d.) hee limit points and these are —1, 0 and 


(d.) Go = 1 
he set U ={xeRsi v4} is 


The set {xeR:x° > x} is same as 
(a.) the interval (0,0) 

£ ee a fs 
(b. )the complement of the interval (0, 1) _ ss (c:) both onset nd olgsed 
. (03 ‘the complement of the interval (6, 1] ‘3 : 


(d.) the interval [0,1]. 


(d.) neither open nor closed 


. Let S be the set of all numbers of the form 
The set of all boundary points of Q in R i vst :a, =Oor 2. Which of the following is 


to 3 
aye true? 


(b.) R\Q 2 nub /° (a) § is countable - 
Ae) Q. ye : Deo oy >) S is dense in {0, 1] 


d.) E et 
@) mpty : * orsi is closed in [0, 1] 


(4.) S=[0, 1] 
Consider the following subsets of R: 


B={toinen|, r={+:osx<i)Then 
n+1 l-x 


4, Lim superior 
are P ; oF 


(a.) Both £ and F are closed 
(b.) Zis closed and F is NOT closed 
\ (Eis NOT closed and F is closed 

i The se(/of all-tinait (d.) Neither Znor F is closed. 
; | : ea Dye How many subsets A of {1,2,3,4} are there 
points of Y is .. i that (Av {1,2})~(4n{1,2}) has exactly one 
(a) (-1, 1) point? 
(b) (ht 1 


b.)2 
(c.) [0, Ij : ‘ 


Lax, 1] art 
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\ 


Let A= {m +nV2:m,n eZ}, where’Z stands 
for the set of all integers 
_4a) A is densein Rk 


(b.) 4: has only countable many limit point in 
R 


(c.) 4 has no limit point in R 


(d.) Only irrational numbers can be limit 
points of 4 


Let X-= L neZ nel and let X be its 
A 


closure. Then 
(aX \ X is a single point 
(b.) X¥\X is open in R 
(c.) X\.X is infinite but not open ey ae 
(d.) X\X =¢ 
Which of the following sets satisfy the 


condition that for every positive integer-n™ 


Sas 
there is some-a in A such that a< n? F ‘sy N 


“yA ={-1,5} an 


(b.) ‘Ais empty set we 
(c.) A=N 


(a) A={xER|x>10} 


ud. 


Point Set. Topology 


(d.) AAU =ANU 


Tf.S -{ead, m,n ev} then the ‘derived 
2m 3n ; 
sets S'and 5” has the property 
(a.) S'& S$” both are finite 
(b.) S‘is finite & 5” is empty 
ers 'is infinite & $” is singleton 


(d.) s'& 'S* both are infinite 
Let. A=(siinen| and B= eee 
no | tae) 
en. dérived set of (Av B) : 


) Has cardinality 2 


«», (by Has cardinality 1 


(c.} i empty set 
(4) Is countably infinite set 
F ‘Let S = {x 2:x6 Q} then the derived set of 
Sis ; 
(a.). Empty set 
: (,) Singleton set 


" (c.) Equivalent to the set of natural numbers 


fy Uncountable set 


(a.) Empty 
(b.) Open but not closed 


fed Closed but not open 


(d.) Both open and ciosed 


._29- Which of the following statement(s) is(are) 


belongs to S$. 


Let A¢R be a dense subset of R. f UCR 
is a non-empty open subset then 
SU cAnT 


(b.) ANU =¢ 


(c.) AAU GU 


TRUE? 
(@, ere exists a connected set in IR which 
Pe compact 

(b.)-Abitrary union of closed intervals in R 

~~ need not be compact 
(c.) Arbitrary union of closed intervals in 
"is always closed 
(d.) Every bounded infinite ‘subset V of 1 
has a limit point in V itself 
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23. 
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Let A be a non empty subset of R having a 
supremum. Let B={x eR: (x +1)/2e€A} then 


(af sup B= 2 sup A-1 

(b.) Sup B =(sup A +1)/2 

(c.) Sup B = sup A 

(d.) B does nothave supremum 


Let abe any subset of R such that an a'=9 


where 4' is set of all limit point of 4. Then, 
(a.) 4 is uncountable 
(b.) Ais finite 


on is countable 
(d.) None of these 


The supremum of the set 


s={uediest 3 oe yl+ 
20° 2 


(a.) 1 
6)2 


(c.)3 


@)> 


s-fiaebtedehiadebeeegotg 
3 3 3 


(a.) The set 4 is bounded. 
(b.) The inf 4 is 1 

(eJ The set 4 has its largest elements 
(d.) None of these. 
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Point Set Topology 


26. s=|Cay (z-2\» en| Then 


1 1 
|) Sup S=— and inf S=7 
(a.) Sup ri nd in rn 


ABS Sup S = and inf S 2 


15 1 
¢.) Sup S=-— and inf S=-— 
(c.) Sup S=7 i 


(d.) None of these 


s-be subset of R and inf 5 = sup S, Then 
a) sempty 
£5) 8 singleto~, 
oi i eo 
ws... (6.) § finite but may not be singleton 
Sy A, 


* @)Can’t say 
S= it 1 sin née n . Then correct 
n 2 


» “statement. 

(a.) s has smallest element but not greatest 
element 

<Sba's has greatest element but not smallest 

element 


(c.) s has both greatest & least element 


(d.) ¢ bounded but have not smallest and 
greatest element both 


Which of the following is not a bd of each 
of its point? 
(a.) Set Q of rational numbers 
(b.) Set Q* of irrational number 
(c.) Set Z of integers 

wd None of these 
Let S be an uncountable set and T be a set 
of those real number x s.t. (x-6, x48) 8 


is uncountable then which of the statements 
is/are correct 


30, 


(a.) T is countable 
(oJ S-T is countable 
KS) SOT is uncountable 
(d.) All are correct 


8588844789 


334 Wf Consider the following statements 
“choose correct eee 
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of R. such that. 
select’ . the 


subsets 
Then 


Let. £; ‘are 
E,AE;'=$ 
statement: 
(ayEach £, is countable 


correct 


{by R-VE, is uncountable for i=1 ton 
(OR -VE, is uncountable Vie N 
(d.) None of these. 
Choose the incorrect statement: 
)BSETSS'cT' 
(b.) xeS'eoxe(SuUf{x}) where s is any 
subset of R 
1 1 
(If Ss {had 


(S')'={0} 


(d.) (,3)=uftet3-2]enen 
L aon 


and 


Point Set Topology 


~~ Which of the .following subsets of R. is 


‘ closed? 
(a.) [0, 4JU[2, 
LoF[0, 1] 
(©) (L *) 


(d.) The set of rational numbers in (0, 1] 


3]Ul4; 5] 


-~ Which set is/are not open? 


SP eee 
( {acy Every infinite and bounded set must Nee ‘Ss 


a limit point ‘ 


.) Any finite set cannot have a limit p 

6 ) Any infinite. but unboundediaet ca 

“have a limit point : 
(d.) None of these 


and (3) denote 


5 Let BER Eee Bet (D (’) 
the following condit 
E is infinite 


E is bounded 
E is closed 
a,)1is necessary for # to have a limit point 
(bot? and 2 together are sufficient for £ to 
havea limit point - 
(c.) 1 and 3 together are sufficient for Eto 
have.a limit point 


( js sufficient for:every limit point of E 
to bélong to E 


. Sit 
eS 


39... 


x een 


40. 
— 


fa) Q G, ,where G, ail 
a=) n oH 


“Let se(0,1) . Then decide which of the 
following are true. 


\ ay VmeN, aneNst. s>m/n 


LB) VmeN,aneNst. s<m/in 


(c.) Vm eN,aneNss. s=m/n 
—@) VmeN,aneNst. s=mtn 


“Let G and H be ‘jponempty subsets of R 
where G is connected and GUH is not 
connected. Which one of the following 
statements is true for all'such Gand H? 


(a.) lf GAH =@, then H is connected 
(b. If GAH =, then H is not connected 
(c.) lf GAH ©, then H is connected 
(a) If GAH * ©, then is not connected 
Let Sbe a nonempty subset of R. If it is a 
finite union of disjoint bounded intervals, 
then which one of the following is true? 
(a.) If S is not compact, then sup S ¢ S and 
inf S eS 
\:bj-Bven if supS <S and inf $< S , Sneed 
not be compact 
(c.) If sup SeSand infSeS ,then Sis 
compact 
(d.} Even if Sis compact, itis not-necessary 
that supS¢S.andinfS <¢S 
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3. 


= 
tt ace 


REGEN ERATING Looies 


The sequence a, 
(a.} convergent for all real values of A 
(b.) divergent for all real values of A 


(c.) convergent for exactly one real value of 
A 


(d-) Convergent for exactly two real values of 


The least upper bound of the sequence 


(-4),, 

(a.) 0 

(b.) _} 
(@)1 oe 
(d.) None of these 

Let {a,} and {4} be sequences of real 


numbers defined as Gate and for n2s 
24a 


A =4,+(-1)' 2", 6, =e Then ~ : 
(a): { {a,} converges to zero and a 
Cauchy mequence Qo 


_ {a,} converges to a non- 
{6,} is a Cauchy sequenc 


Which 
monotonic: 


(a.) (2,) CY 


0) a5 =5(«, +4na) > where @,<a, and 


@,, a, are given 


te 

OF Gag = Men, 

ath 
0<a,<b and a,=a 


(d.) None of the above 


where a>0 , 


ASSIGNMENT SHEET - 3 
HVA tn+l-a is 5. 
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quences of Real Miniher. 


Define a sequence s, by s, = Lag Then 
tf ia 


the limit of s, as 2 tends to infinity 
(a.) is 0 
‘ (b37is 1 
(c.) is 00 
(d.) doesn’t exist 


Let {x,! be a real sequence. If sequence of 
ant at 0} 


__ even terms of {x,} converges to 1 and 
sequience of odd terms converges to ~1, Then 
he. sequence {,, ts } will 

‘a:) Converge 60 

“(b.) Converge to” 

“(c.) Converge to -1 

(d,-None of these 


a 


Let 5, = an Then the sequence {5,} 
$k 2 k* } 


. (ay converges to a finite number 
(b.) diverges to 00 
_ (c.) diverges to -co 
(d.) oscillates 
Consider the interval (I-,1) and a sequence 
{a,}", of elements in it. Then, 
(a.) Every limit point of {a,,} is in (-1,1) 
LX Every limit point of {a,,} is in [-1,1] 
(c.) The limit points of {a,} can only be in 
{-1,0,]} 
(d.) The limit points of {a,} cannot be in 
{-1,0,1} 
Consider the sequence 
4,0,4.1,0,4.11,0, 4.111,0,.... 
Then 


(a.) converges to 4x 


(b.) is divergent 
(c.) is unbounded 
(d.)is not convergent and has supremum 


a4 
9 


Let x, =27" ae Su ‘ for all we N. Then 


the sequence {x,} 
{a.) does NOT converge 


(b.) converges to 0 


& (c:) Converges to . 
(d.) converges to - 


Let p(x) be a polynomial in the real 


variable x of degree 5. Then tim 27 Pte nS 
(a.) 5 

(b.) 1 

fe) 0 

(d.) 


If o<c<d, then the sequence a, =(c" +d’ yn 


(a.) is bounded and monotonically deeagnd 
(b.) is bounded and monotonially increasing. oo 


‘ (c.) is |, monotonically sa 
unbounded. for l<c<d 
Sire 


(d.) is monotonically decreasing 
unbounded for 1<c<d 


Let {4,},{6, 


numbers such that ae Cy F Aang “= 
Then {a, } is convergent ; Mm 


(.) implies {5,} is donvengeat but {c,} need 
. not be convergent 

(b.) implies {c,} is convergent but {5,} need 
not be convergent 


(c.) implies both {b,} and {c,} are: convergent 
(a7if both {b,} and {c,} are convergent 


3A, Cirst Fi aia Sarai, Hiawz Khas, Near I, 


Sequences: of Real Numbers 


For each positive integer 7, let a, be the 
number of points of intersection of the graph 


y=sinx with the line y=—. The sequence*” 


{an} is 

(a.) decreasing 

(b.) constant 

(c.) converging to zero 


OS ae to infinity 


(b.) erent 
(c) a, +0, +..40, 

> Let (x,) be a convergent sequence and (y,) 
be a monotonic sequence. Then (x, - y,) 


i (a) Always converges 
“(b: ) Converges if (x,)is monotonic 
(c.) Converges if (x,y,) is monotonic 

\ (dy Converges if (y,)is bounded 
Consider the sequence {i,}¢N 


1, wt peg ths This sequence 
n+l 2n 


ways increasing and bounded 


(b.) increases to oo 
(c.) decreases to 0 
(d.) decreases to a positive number 


The sequence {S,}, where. S, alice. 


1 
+ 
3n-2 
(a.) A Cauchy sequence 
' (b.) ‘A convergent sequence 
p (e)-Camot converge 
{¢) None of these 
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20. 


22. 


23. 


24. 


The value of lim >) 
ke 


604 2(V2-1) 
(b.) 2¥2-1 


(c.) 2-V2 
(a) $(V2-1) 


Consider the sequence {a,} of real numbers 


where a, >Land a,,, eee Then the 


a, 


TF ce 


sequence {a,} is 
(a.) bounded but not monotone. 
(b.) not bounded but monotone 
fe} both bounded and monotone. 
(d.) neither bounded nor monotone... - 


Let (a,) be a sequence of real snrabecs deans. 
b, and c, as 


b, =n" rational terms in (a,) , ¢,=2"" 


irrational terms in (a,) . 
Then is 


e Signed 
(a.) : oS {c,) both are nema a =F, x) =1. The sequence {x,} 
4, i a 
: : : fie oe (a. ) diverges 


(b) Both (b) and (c,) may { 
subsequence, of (a,) 
(AE At least one of (b, ac 

subsequence 0: 
(d.) None of the above 


The — largest _—te 28. Let {x,} be sequence of real numbers such 
_- 1000" that Jim (x44 %,) =¢ , where c is a positive 

ars ; real number. Then the sequence {=} j 
(.)18 Yen J (a.) is NOT bounded 

a a a (b.) is bounded but NOT convergent 

(d.) does not exist (c.) converges to ¢ 

Let the sequence {%,}/y L, ‘of /real numbers (d.) converges to 0 

converges to a non zero real number a and let 29 if ( : ‘ ce then 

y,=a-x,. Then mex, 7%; x.J,} converges 5 a,) is a convergent sequen 

to lim n(,.. -4,)= 

{a.) a always (a) « 

(b.) 0 always ()1 

& imax {a,,0} he 

(d.) min{a, 0} @ 


e {2} must have a convergent 
‘ a 


m, “following i is always true: 


(d.) {a,} is a subsequence of {b,}. 


Sequences of Real Numbers 


Let {x,} be an unbounded sequence of non. 


zero real numbers. Then, 
(a.) {x,} must have a convergent subsequence 


(b.) {% 


subsequence 


cannot have a convergent 


subsequence | 
(4.) i+} cannot have a convergent 
a LX 


‘subsequence. 


et-{a,}be.a sequence of real numbers. Let 
for n=1,2,... Which of the | 


=A, + @, 


atl ? 


‘(aylf {b ,} converges, then {a,} converges. 
(b.) If {a,} converges, then {,| diverges. 


(c.) If {a,} converges, then {b, } converges. 


(b.) Xn is monotonically increasing and 
converges to 0 


(c.)x, is monotonically decreasing and 
converges to 0 


(d.) none of the above 
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Sequences of Real Numbers 


Suppose g>Q Consider the sequence q If (a,) is a sequence of real. numbers such 
a,=ntiea—Yfa}, 121. Then that. .for..somée. eR, define a-- set 
(a.) lima, does not exist K ={n éeN:a,¢- (I-el +e), Ves o} if. K is 
ae bounded, then choose the incorrect 
(b)-lima, =e (a.) J is a limit point of (a,) but (a,) may 
(c.) lima, =0 fail to be convergent 


b. i tonic. 
(d.) None of the above. (sige 2s mauptonte 


Seoes gifs (c.) (a,) is a Cauchy sequence 
213) (3) ( J] — (4) (a, is bounded’ but need not be 
‘convergent 
“(a;), and (b,) are two sequences. Then 
hoose the iieorrect 
@) IF (a, +8,) and (a,-8,) are both 
So convergent. Then (a,) and (b,) are 


4,8, &*H HEN ie on “convergent 


hes 4 wi 
4, -(1-2Ja..+4a.. Then lima,= cha (bi)If (a,-0,) and ) are. both 
n n ined ‘, ~ 


(7 


convergent. Then’ (a) and {0,).. are 


(a.) 2(a,-a,)+a,e7 hn 
oS convergent 
* &) 2(a,-a Je? +a, . a, > yt {a,+6,) and. (a,-6,) ‘are — both 
(©) Hq-ae+q ee “3”. convergent. Then (a,) and (b,) are. 
cera ae, So, age ' * convergent 
CG) Aarajel+a 2 MSIE (a,+2,) and (a,-b,) are both 
Which of the following is/ar ct convergent. Then <a,.b, > convergent 


Which of the following are null sequences 


Loser 
orf] 


LEE) {ar"} Ja] <3 


(a.) an hel 14+ 
n+ 


(d.) rie) fa (d.) (142) ineN 


ces of real Which of following is/are Incorrect statement 


If {x,} and. {y,} are j pence 
numbers, which of the fallowNagis/are trae? (2.) Every sequence contains a monotonic 
( ) a i “ ee subsequence 
a.) li +y,) sli +i p 
sup (%, ¥) merge en (b,;Every limit point of the sequence is the 
limit of the range set of sequence 
c{cHlf a-sequence. basa: unique limit point 
then it must be limit of the sequence 
Gy The set of disjoint-open-intervals in R is 
(d.) liminf (x, +y,)2 iminf'x, +liminf y, an uncountable set. 


(b.) limsup(x, +y, )2 limsup2, + limsup y, 
(c.) liminf (x, + y,)<liminf x, +liminf y, 
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Sequences of Real Numbers 


39. Let {x,} and {y } be two sequences of real 42, If {a,} is a sequence of real numbers with 


numbers such that x, $y, 4,2, 7=12,3,.. limsup a, =1, then 


(a) {y,} is @ bounded sequence. (a.) Set of values taken by {a,} is not a 


finite set 
(b.) {x,} is an increasing sequence. (b.) {a,} is convergent 
f ic 
: 4x} and {»,} converge together. (c.) {a,} is bounded 
ay {a,} cannot diverge to + 
(d.) {y,} is an increasing sequence. : 
43. Let 2)=0,x.=1, and for n23, défine 


40. Let (a,) be a sequence of real numbers _*rtt%n-2 which of the foliotap 


1 - 
-l-— niseven 


isfaré true’ 
n a : 


\, 


defined as a, = . 
a.) {x,}is’amonotone sequence. 


tet nis odd 
n 


‘oy (D.) Tim, 500 Xn _s 


ar) {x,}is a Cauchy sequence. 


Then which of the following is coréet: 


.(@)"(a,) is oscillatory 


, 2 
(d.) lim, 400 xy = 3 


(b.) If lim inf (a,)=aand lim sup (a,) 


1 1 1 1 \ 
lim = + Fan 
lin el eae ee 


1s 


then a, ¢(a,b) for VaeN 


(c.) S=flima, :(a,) is a 


subsequent of (a,)} is finite 


(d.) None of these 


i = (c.) 241 


1 
o V241 


43, Let S,=)oj47- Which of the following is 


(2) 
ay Xa, is convergent’ eel 


convergent 


true? 


n 
LS Sy 25 for every n21. 


(b.) S, is a bounded sequence. 


6) {a,) is convergent 


convergent 


(c) [Sy ~Syi]>0 as noo. 


_#) None of these , (d.) “2-31 as no. 
n 
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eb 
of 
> 
4 
“9 


_ if m is even 


Then 
(a.) Both (2,) and. 572, are convergent 


(b.) Both (b,) and 5°, are divergent 


(cd-(b,) is convergent but )°, is not 


(d.) 26, is convergent but (a,) is convergent 


Se RE ee 


~1)" 
2. Consider the sequence J | and the 
= i 
series sor . Then % 


n 


(a.) the sequence converges but not tig 
series. Ss, 


ies, 
(b.) the but: not % 
| sequence. — 
é 
He -(c.) neither the series not the Ca 
| lite 


fe converges. Ba : 

Pe  eeesb6 th’ the series and a 
converge. gees 

Which of the following conditions doc’ NOT 


aiiiinerrieindtintbeins 


series converges 


3. 


(c.) Sina, is convert E 


nl 


(d.) The’ sequence {@,,}, 
convergent. : 


The series rien} is 


(a) Convergent 


{b.) divergent 


(c.) oscillating infinitely 


 @)ostillating finitely 


ASSIGNMENT SHEET-4 


if is odd : 5. 
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Series of Real Nanibers De 


142..142+3 
tee 


The sum of the series AL 
qa 21 3! 


equals 


(a.) e 
(b) 5 


3e° 


.{@}x.be an increasing sequence of 
itive real ‘numbers such that the series . 


is divetgent. Let S,=>’a, for 
k 


oy 

J and 4,= it for n-2,3,... 
ka2 MRK 

Then limt, is equal to 

: noe 


aye 


(b)0 0 
(c. = 


i asa} 
(4) a +4 


In each of the following cases, which of the 
series is oa convergent. 


@) X(-" 


qel 2n+3 


b) X- 


ne] 


n np 
-1 


(an None of these 


Let {x,} be a sequence of real numbers so 


that 3 x, -x|=c, with ¢ finite. Then 


nel 


(a.) {x,} may not be bounded 
Oy} must converge to x 
(c.) {x,} must converge to x+c¢ . 


(d.) {x,} is bounded but not’ necessarily 
convergent. 


ips aat — 
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i. 


. z 22. 
Let Dia, and Sia, be two series, where 
nah n=) 


= pa ae for all 
log(n +1) 


n=N 


Then 
(a) both Ye, and Ss, are absolutely 
nel as} 
convergent 13. 


(b.)'3.a, is absolutely convergent but 578, 
" n=l n=] 


is conditionally convergent 


©) Da, 


‘8, is absolutely convergent 


nel 


is conditionally convergent but 


ye oan, 


(d.) both Sa, and }\a, are conditionally 
nel ae} ” 


convergent iN 


We are given a convergent series +4 


nels, 


where a,20 for each » . Which tet -_ 
navieggt a 


- following correctly describes the Ueta 


& Ps iw 


tome A, 1sps2? 
aa 


(a.) Diverges when p=1, bi 


65 


Converges for 


Consider the series Lg een sen Then 
uu 


ced 
“eR 


(a.) both the series converge to the. same 
value. 

(b.) both the series converge to different 
values. 

(c.) both the series are divergent. ” 


(d.) first series is divergent and second series ~ 
is convergent. 
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\ Series of Real Nambers 


If the terms of this perillstne series are 
2+t 2 +h 
+ 

PE 
then the resulting series becomes 
(a.yConvergent 
(b.) Divergent 
(c.) Oscillate finitely 
(d.) Oscillate infinitely 
Which of the following series is divergent? . 


grouped pairwise 3— 


The largest interval in which the series yx 


uel 
converges 
' (ad) For xwith -l<x<1 


‘ 1 1 
For xwith --<x<> 
(b.) For x aia) 


(c) For x with -2<x<2 


(d.) For x with -4 Sx rs 


The series 


\{a.}-convergent 
(b.) divergent 
(c.) oscillating finitely 

(d.) oscillating infinitely 


The series x+—— 


convergent if 
1 

(a.) 0<x<= 
€ 


(b) x>t 


(c.) Rees 
é € 


@)texet 
é € 


, - Consider the following statements: ~ : 
1 erase The series dp — 


if yu, is a series of positive terms, then 


ed (a.) Convergent 


the convergence of. yey u,. implies the (b.) Divergent 
Zz (c.) Oscillating 
convergence of )°x, . 15 (d.) Converges conditionally 
asl 
Sk 2 mn ~ is convergent for 
If }'u, is a series of positive terms then 


as} 


the convergence of Yu, implies the 
=} 


convergence of $°(~1)"u, 


a=) 


nel 


The convergence of su, (u, > 0) 


(.)'ATl values of & 


ore 
A ak ® 


given below 
(a)2<nd 3 
(b.) 1 and 3 
(©) Land2. 
“@)1,2and3 


n=l 


RAE SER Se Ee For 


series, then the series 


elect 


> ~a :a>0 


(a+ay 


(a.) Converges for all a>1 


tng: ce SSpearEm 


(b.) Converges for a >0 
(c.) Converges for a20 
\ (4) Div for all a 


if - 
(d.) Bounded snotont 24. Which of the following series are 
converges to zero. “f convergent? 


(d.) None of these 
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Series of Real Nambers 


Consider the sequence of rational number 
ik ] : 

{au}j, Where % = Le i.e., the sequence 
is g,=.1, gz =-1001, g, =-100100001 ete. 
Which of the following is true? 
(a.) This sequence is bounded and convergent 

in Q. 
(b.) This sequence is not bounded. 


(c.) This sequence js bounded, but not a 
Cauchy sequence. 


aT his sequence is bounded and Cauchy 
but not convergent in 


Let {a9,a),42,..} be a sequence of real 


&, pt, 
numbers. For any £21, let 5, 2.42% ° 
k=0 


Which of the following statements are ‘ 


correct? 


(a.) If lim sy exists, then iy Ay exists. 


m=0 


SS tim Se exists then Ya r 


exist. 


(c.) If $a, exists, 


© 
(b.) Dia, sinn is convergent, 
net 


(c.) Sie* is divergent. 


nal 


A Ea is divergent. 
n=i 


(a) 


‘convergent: 


(ay bi {-) 


ae sitaber 


(byS(-1) y “en 


nel 


) SY 


ro n ne? 


(d.) None of these 


coon . 
" where aweR is a fixed 


If >i, is series of positive & negative term 
and q+ 2,P, are series of negative & 


positive terms respectively and if Xa, is 
conditionally convergent then 


(a.) ¥p, is convergent but >, not 
(b.) >p, is divergent but y4, not 

(c.) Xp, & 2.4% both are convergent 
ws, p, & >,4, both are divergent 
Choose the correct answer, where a, 20 


Jif fa, is convergent then a,” is also 
convergent 


(b.) If Ea, is convergent then Eja, is also 
convergent 


46S If Za, is convergent then Ev is also 
l+a, 
convergent 


a . : a, 
“GIF Ya, is convergent then cern 


(provided a, #1) is also convergent. 
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Let Sx, be a senes of real numbers. Which 


of the following is true? 


(d.) If x, +0, then }°x, is convergent 


n=l 
33. If Za, be a convergent series and a, >0, 
Vn éN then the correct statement: 


fay Ea, dp. is convergent 


_(e) Ya? is convergent 
AG) ple 


(d. ) None of the above 
34. Let (a,) and (b,) be two sequences shee ee 
number such that a,=0,—-,,, for eNya 
Then ss 
@) Convergence 
~~ gonvergence of” ot con 


“(b.) Convergence of <a, inipiles 


ii Si iu UN US ag an Ae ESE 


‘of a, 


by the. convergence of : 


(d.) Convergence ‘OF EB 


(Decreasing seq - converges to 40. 
zero 
(b,Yincreasing sequenc Fhich wonverges to 
zero ‘ 
eS Monotone sequence ‘ich converges to 
zero 


{d,)Strictly monotone 
converges to zero 


Which one of the following series is 
car pleaia 


1 
Dan aes oF a - a 


Jateaderts eis to 70 
P) 2.93.4 =5 


sequence © which 


‘Near ELT, New 


(dy xtra ax te 
37. 


{a.) If vx, is. divergent, then (x,) does not 
eénvere to 0 
(b.) If yo is convergent, ‘then yx, is 
absolutely convergent . 
ot > is convergent, then x? 20 as 
| nao 7 
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tO a’ 00, where |2|<1 


Select the incorrect statements 

(a.) Finite set has infinite number of limit 
points 

(b.) The sequence I+r+ r+.ctr", where 
-1<r<i and wéN is bounded above 
but not bounded below. 


u,>O-+n. then 


(c) If Yu, & T+ 
4, 


converge or diverge together 
(d)Set of real number except the integers 
“which are multiples of 2 is uncountable 
i et™ 
e set of ail” ‘positive values of a for which 


aflyy ; 
63) converges, is 
n 


1 
eb +t S be the series }’-———_—___—_ 
‘ ‘ 2 2k—1)22) 


(k+1) 
3k- 5 3 


3k+2 


of real numbers. Then which one of the 
following is TRUE? 
(a.) Both the series S and f are convergent 
(b.) S is convergent and T is divergent 
(c.) S is divergent and T is convergent 
(d.) Both the series S and T are vernal 
For n21, let 

ifnisodd 


a2”, 
a, = i * . 
3, ifniseven 
Which of the following statements is (are) 
TRUE? 
(a.) The sequence {a,} cotiverges 


and T be the series >( 


(b.) The sequence { a, ia converges 


2 
(c.) The series Ye, converges 
n=l 


1. 
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Function and their Properties 


ASSIGNMENT SHEET - 5 
If f(xjeii(l-x).g(s)=s[F(x)] and 


: is the v li 
aaah fe (x)] thee, | avhatl 6. What is the value of 0 wae ? 
f(x)g(x)h(x) equal to? as ethiyy 
a. 
ay] l-iny 
(b.) 0 Iny 
(c.) 1 ort Inv 
(d.)2 ay Titiny 


n+} n+] 
Wihatisthe value of tim a? me 
nao 27 43" 3 -|- lay, 


(a.) 13 “" Jin y 


(b.) 1 Sy toms 7 : F Ce 
} i Assertion (A): im S22 =0 
ey3 yore ox 
oe Reason (R): lim Sin* slim sin xlim é 
XK i Xe XD Xe 


x 
e-x-1 9 


What is the value of lim 


50°, oe (a.) Both A and R are individually true and R 


is the correct explanation of A 


ou (b.) Both A and R are individually true but R 
85) 1/2 ... isnot the correct explanation of A 
". (e)2 (oF A is true but R is false 
(d.je (d.) A is false but R is true 


8. What is the value of 


Tf D is the set of all re! 
i. lim {sin(1/ x) +cos(1/x)} =? 


f@)=1- A: 


ise 
D equal to? (a.) 0 
OF (0,0 ) = 
c é€ 
(b.) (9 (eae 
(©) (0) ayn 
(d.) (-,1) 9, Which one of the following functions is not 
well defined? 


ae (+3sinx—2? €sinh x) 


rf ft = exists (a.) Jd+sinx) 


x90 = |-cosx+x? -3x 


then what is the value of k ? OS 2 
: i {sec x-A) 
(a) -1 


(b)2 (c.) ¥(3—cos” x) 


3 , 
(c.) (4) [= +7 +i) 
(d.) 4 100 
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Which one of the ‘following graphs is the 
correct graph of the function . y(x) = x.In(x) 


What are the value of a & 


Assertion. (A): &* can be, Exrsaied as 
sum of even and odd funbtibad! 


Reason (R): e* is neither even nor odd 

function 

(a.) Both A and R are individually true and R 
is the correct explanation of A 

(b.) Both A and R are individually true but R 
is not the correct-explanation of A 

(c.) A is true but R is false 

(d.)-A is false: but R is true 


3. 


Which of these are correct? 
(a.) 1, 2 and 3 


6 R- {1} 
? (©) (-~,]) 


“-(d) (1,00) 
pea 


1 


. lim (4° +5" ye equals to 


x00 
(a.) 4 
\@y5 
(c.) € 
(d.) 5e 
lim ioe Sis is equal to 
x90 x 
61 
b)-1 
(c.) 1/2 
(d.)-1/2 
Let f: R> R define g:R> Rby 
as)=FN A+) 
Then 
{a.) g is even forall f 
(b.) g is odd for all f 
\eFg is even iff is even 
(d.) g is evenif f is odd 
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t i in2x+asinx 
if @,f are the roots of the equation 22. if kim sin2x+asinx 


3 =0, where 
ax? +bx+ce=0 ; then x90 x 
2 . sin2x+asinx . ‘ 
. l-cos(ax” +bx+c) . —-— is finite ,t i 
lim Oka is equal to fa a hen the: values 
xa (x-ay” t 


of a and b respectively wiil be 
(a) 0 {a.) -2, -1 


Rises aA 


a 2 (b.) 2,1 
(b.) 5 (2-4) ipa 
: (d.)2, -1 


(c.) ~S(a- By 


23. lim xsin (2 
2 


} equals 
x 


Oy (a-p} 


19. If jj M082) ax" sinx exists and is ° 
x30 x 
finite, then the value of a must be eee. oud.) 06 


(a) 1 Consider the following statements: if 
1 x OQOsx<l i 
b)> POE a se Weg 
1 1. iim f= 
(c.) = xm} 
3 2. lim, f(x) =2 
1 xo 
da) 4 se lim f(x) =2 
3,00 xd 


20. Of these statements 

-(a.) | and 3 are correct 
(b.) 1, 2 and 3 are correct 
fey 1 and 2 are correct 


(d.) 2 alone is correct 


i es Bh hey is 
x0 sin(bx) 


AO = 


25. 


ihe antenbabticen diet aaecibl lod Seba a ah se eae ens 


21, (b.) b 
: a 
B)=f@)S(x)+F (-x))- (c.) ab 
Then (d.) does not exist 
(a) g iseven forall f ‘96, tim PP ag 
xn OX 
(b.) g is odd for all f US ale 
(c¥g is evenif f is even (b.)0 
(c.) B 


(d.) g isevenif f is odd 


(d.) none of the above 
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Function.and their Properties 


21. The correct valus-of.. lim ———. 33. Consider the functions. ¢, 9:7 — z defined 


x301—cosx ; > -by Sf (n)=3n42 and g(n) =n? 5 


AG) does not exist - : a, : 
: 5 (a.) Neither. f and ‘gis a one-to-one 
: (b.)is v2 function 
8 c.) is --¥2 
(c.)is-v2 (b.) The function f is one-to-one, but not g 
(d.) is 1/2 


(c.) The function g_ is one-to-one, but not 


tan x x 


28. The. limit tim? : -+) 
(d.) Both f and g are one-to-one functions 


(a.) doesnot exist 


Let T be the graph of the function 


(b.) 9 
(c.) 0 1sx<Q; 
(d.)3 a OSxs 


29. If x and y are two non-empty finite sets Then the’ ‘reflection of 7 in the line y=0 is ll 


and f:X—Y and g:Y+X are mappings 
such that go f:X—X is a surjective (ies. 
onto) map, then 4 


rg -ziven by the cae of g(x) where 


rina nso tapi sancti 


et es O<x<1 


(ay Ff must be one-to-one 


cb.) f must be onto l+x, -1<x<0 


0) ey {"* O<x<l 


i 1~x, < 
eof peoorte 


(e:) g rust be one-to-one 


~(&) X and Y must have the same m 
; elements, 


Let P(x) be a non-constant robs s 
‘that P(n)=P(-n) forall neN. Th to) 


(a.) Equals 1 
c fb) Equals 0 
(c.) Equals —1 


4) e(2)= {) te a ee 


35. Let a,b,c,d be rational number with 
ad—bce #0. then the function f:R\Q—>R 


defined hy f(x) apa is 
ox 


(a.) onto but not one-one- 


\(bJ Gne-one but not onto. 


(c.) neither one-one nor onto. 


{d.) both one-one and onto. 


36. Let :(0,00)-+. be the function defined by 


Let (x)= Ae 
g(x)=f(x+1)-f(x). Then, as x0, the 
function g(x) converges to 


fa)=S. Then the tim /() 


(a.): does not exist. 


oe ba (Ab exists and is 0 


oe i s . 
(c.)..e (c.)-exists and is. 1 
(a) : (d.) exists and is e 


Function and their Properties 


Which of the following are true for function 


/(2)=sin(x)si( *) (0.1) 


(od) lim f (x)= lim f(x) 
x0 x 


(b.) lim £(x)< lim f(x) 


x0 


2n-) 

: 3 

lim —> > j° equals 
j=0 


ase” 
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~ ASSIGNMENT SHEET - 6 


1. Let f:X-—X such that-(f(x))=x for all 6. Let 4,¢R for n21, and. z, :R-> {0, 1} be 
xX.T 0 ifxeA 

a : apn the function , (x) -{ : FEO tet 
(a.) f is one-to-one and onto. 1 ifxed, 

g(x) = lim sup 7, (x) . and 


(b.) f is one-to-one but not onto. 


(c.) f is onto but not one-to-one, a(x) =liminf Z, () 


(4.) f need not be either one-to-one or onto. (a) If g(x)=h(x)=1, then there exists m 
such that for all n2m we have xe 4, 


2. A polynomial of odd degree with real 
coefficients must have gts ae . 
(yar least a, ‘ f g(x)=1 and A(x)=0, then there exist 
a. . 
ete iaaes tnssuch that for all 2m we have x¢ 4, 


(b.) no real root. 


Se eee 


c.) If g(x) =Tand A(x) =0 then there exists 
. a sequence %,,M,.. Of distinct integers 
such that xe A, forall #21 


(c.) only real roots. 
(d. ya at least one root which is not real. 


“Mme Neti 
R, W =The set of constant functions on R ,* OH (df g(x)=k(x)=0 then there exists m 
X =The set of polynomial functions onR, “. * 5 
Y = The set of continuous functions on R: ey, 
Z = The set of all functions on IR Which.o 


’ such that for all n2m we have x¢4,. 


Fs. ee Let f bea monotonicly non-decreasing real- 
| these sets has the same cardinality as ‘that of S ? yelued fumetion on R. Then 
aL. R? a ee 
: 1 * @) Only W . . iy -@.) tim f(x) exists at each point a 
(b.) Only W and X ibe sell (b)If a<b, then lim f(x) < lim f(x) 


(c.) Only W, X and Z 

(d.) Only W, X, ¥ (c.) f is an unbounded function 

(d.) The function g(x)=e%™ is a bounded 
function 

8. Let f:R-R be a_ strictly increasing 

continuous function. If {a,} is sequence in 


[0,1] then the sequence {/'(2, }} is 


(a) FeO, 1] isa, 
is closed in R. 


(a.) Increasing 
(b.) Bounded 


(c.) Convergent 


(4) S=R,T=@, D 


(d.) Ail real ‘numbers 
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mS d.) Not ily bounded 
In which of the fotiowidthade ihe is no a Fi as aa 
continuous function f from the set -S.onto 9. Let f: RR be defined by f (x) =[x7] . 
the set J? The points of discontinuity of f are 
(a) $=[6, 1], T=R (a.) Only the integral points 
(b) S=@ 1),7=R _ (b.) All rational numbers 
(.) $=@ ).7=O ©) {vain is.a non-negative integer} 


Drips academy, 
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(a.) Is always continuous 

(b.)Is continuous only if it intermediate 
value property 

(c.) Can be nowhere continuous 


(d.) Can be discontinuous at finitely many 
points 


11. Which one of the following functions has 


exactly two points of discontinuity? 16. 
1 ifx>0 
a =. 
CVI 0 spe 
1 ifO0Sx<1 
) fxs 
PEM 0 otherwise 


x ifO0<x<1 


co) fixed 
Ee 0 otherwise 
1 if xis rational 
@f@=s 
0 if x is irrational 
12. Let f:[a, b]-»R be a continuous function 


and let f(a)< f(b). Then by intermediate — 
value theorem 4 


@) £([@ 4))=[7@, £)] 
) f(a) alrl@), £O)] 
(c) F((a6)) <[Fa), £)] 
@) f(a e)=[7@,£@] 


13. Let f: RR be defined by, f(¢ 18. 
U be any non-emy 
(a.) f(U)is open 
(b.) £7 (U) is open 

14, 19. 


Then the maximal subset“6f IR on which 
f bas a continuous extension is 


(a.) (—~,3) 

(b.) (-~,3) (4,0) 
(c.) R\3,4} 

(d) R 


A monotonic function 15. 


Continuity 


The continuous function f(:RR 
r >. 4\2003 

defined by ie +1) is 

(a.) Onto but not one-one 

(b.) One-one but not onto 

(c.) Both one-one and onto 

(d.) Neither one-one nor onto 

Let f: RR be a continuous function, I¢ 

S(QEN, then 

(a) {(R)=N 

FB CN but fneed not be constant 


“te fi is uilbounded 


™d) fi is a constant function 


Let f :[a,b]—> R be a monotonic function. 
Then 


(a.) f is continuous 


(b.) f is discontinuous at at most two 
points 


(c.) f is discontinuous at at finitely many 
points 


(d.) f is discontinuous at at most countable 
points 


Let f: [0,10) > [0,10] be a continuous 
mapping. Then 

(a.) f need not have any fixed point 

(b.) f has at least 10 fixed points 

(c.) f has at least 9 fixed points 

(d.) f has at least one fixed point 


Let S=[0,1]U[2,3) and let f:5S>R be 
defined by S(s)=fenne y sete 
T={f(x):xe5}, then the inverse function 
fi :iTos 

(a.) does NOT exist 

(b.) exists and is continuous 

(c.) exists and is NOT continuous 


(d.) exists and is monotonic 
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20. Let f be a continuous function from [0,4] to 24. 


[3,.9]. Then 

(a.) There must be an x such that f(x) =4 

(b.)Theré. must’ be an x ‘such that 
3f (x) =2x+6 

(c.) There must be an x such that 


2f (x) =3x+6 
(d.) There must be an x such that. f Geax 


Let f and f, be two teal valued functions 
defined on the real line. Define two functions 
g and h by g(x)=max{ f(x), 6 Od} and 
Alxd=minf f(x), f(0)} .Then 
gG2)+hGxy +3g(x)A(x) 
=f Oy +h lay +34) A,) holds for all 
xeR ni 
(a.) Always 
(b.) Only if f(x) = f.(4) forall x in R 
(c.) Only..f and f, are both positive. * 
functions or both negative functions, 
(d.) Only if at least one of the functions 7, ber 
and f, is identically zero. : 
Let f be a strictly monotonic con inUdS,.* 
real-valued function defined on.[4,5] a 
‘that f(a@)<a and f(b)>. Then whi 
of the following is TRUE? 
(a.) There exists exactly 01 


21. 


£ 


Nar 


27, 


Let X and Y be two noteempty’sets and let 
f:X Ys g:Y aX beY ‘mappings. If 
both f and g are injective ¢ “e., One-to-one) 
then 

(a.) X and Y must be infinite sets. 


(b.) g=f" always. 

(c.) One of fogi¥ 7X and go f:X—Y 
is always bijective (one-to-one and onto). 

(d.)-There exists a . bijective mapping 

h:iX >Y 


ral, Hauz Khas, Near LET, New. Delhi-140016,. Ph: 
‘E-mail: info@alosacademv.coms: Website: 


irst Floor) Jia Sa 


Se 26, 


28. 


Continuity 


Define a function f on the real line by , 


if x is an integer 


0 
which of the following is true: 


{ 1, 
pay; ch 
noe f [x] 5 if xis not an integer, py oy 


(a.) f is periodic with period 1, ie. 
f(x+)=f() for all x 

(b.) f is continuous 

(c.) f is one-to-one 

(d.) lim f (x) exists for allaeR. 
RoR be a function such that 
(g+y)=fta) f(y) for all xyeR and 
(x) =laxg (x) Where tim g(x) =1. Then the 
function f(x) is 

(a). 

(b) 2° 

(c.) A non-constant polynomial 
. (d:) Equal to 1 forall xeR. 
Let f:R—3R be a continuous function 
satisfying fo f =f. Then 

: a) f must be constant 


(b.) f(x)=x for all x in the range of f 


(c.) f must be a non-constant polynomial 
(d.) There is no such function 
Let f:{0,1]}-»[0,1] be continuous and 
f(0)=0, f(1)=1. Then, f is necessarily 

(a.) injective, but not surjective. 

(b.) surjective, but not injective. 

(c.) bijective. 

(d.) surjective. 

Let p be a polynomial of degree 2n+1 with 
real coefficients. We say that a real number 
a is a fixed point of p if p(a)=a. Then, p 
has 

(a.) exactly 2n+1 fixed points 

(b.) at least one fixed point 

(c.) at most.one fixed point 

(d.) n fixed points 
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Define the function f:R>R_ by 
2b, if x<l 

sla)={% é va We want to find 
ext+h ifx>l] 

appropriate values of a,6 and ¢ such that 

1. f is increasing in the interval (0, <<); 

2. f* is continuous on R. 

Which of the following is the correct 

statement about the values of (a,d,c) for 

which both conditions (1) and (2) are 

satisfied? 

(a.) (3, 2, 6) is the only possible value 

(b.) There are finitely many values of 

a,b, c) 

(c.) (-2, -3, -4)is one of the values 

(d.) There are infinitely many values of 

(a, b,c} Sa ett 

3-2" 


3 


The limit lim equals 


(a) > 


(b.) 1084, (3) 


ciel) 


2 
djs 
ys 
The equation x” = xsinx +e 
(a.) no real value ofix 
(b.) exactly one realivalug-of x 
(c.) exactly two real values of* 
(d.) infinitely mam 
: - 


not possible? 

(a) F{[0, 1) ={0} 

&.) £([o. 1])=[2, 1) 

(c.) f(fo, =o, 1] 

Consider the teal :R-R defined by 
2x,  ifx is rational 


f =| Then f is 


3-x, if x is irrational 
continuous 


Continuity. 


(a.) only at x = 1. 

(b.) only at x = 2. 

(c.) only atx = 0. 

(d.) at no point of R. 

Let f:RoR be defined by 
f(x)=|x+1]|-[x], then the range of f is 

(a.) The whole of R. 

(b.) The closed interval [~1, 1] 


(c.) The unbounded subset of R. 
(d.) None of the above. 


How many zeroes are there for the function 
S|x]+6? 


Let f(x)=cos’x. Then f is one-one and 


onto if the domain and range are specified 
respectively as 


(a.) [-1,1] and (-00,00) 
(b.) [-1,1] and (0,27) 
(c.) [-1,1] and (0,7/2) 


~@EN and on 


A bijection is a map that is both one-one and 
onto. It is given that f:R—R is not a 


bijection. Which of the following must be 

true? 

(a.) If fis not one-one, then fis not onto. 

(b.) If fis not onto, then fis not one-one. 

(c.) fis neither one-one nor onto. 

(d.) If fis one-one, then fis not onto. 

Define f:RoR as follows: 
1, if xis rational 

F(2)= 48m se yis iational 

(a.) fis continuous everywhere 

(b.) fis continuous only at x= 0. 

(c.) fis continuous all rational points. 

(d.) fis continuous at all irrational points. 

Let f,g:R->R be continuous functions 

whose graphs do not intersect. Then for 


which function below the graph lies entirely 
on one side of the X-axis 
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pa 


So 


f(xjee-e" a (x)=e +e". Then 
(a.) Both f and g areeven functions 
(b.) Both f and g. are-odd functions 
(c.) f is odd, g is even 

(d.) f is even, g is odd 

Let F:R—>R be a monotone function. 
Then 


(a.) # has no discontinuities. 


(b.) F has only finitely many 
* discontinuities. 


“(c.) F can have at most countably ke ~ 
discontinuities. 


_ @) F can have uncountably ey 


SP cnaer 


discontinuities 


Let x be ‘a set and fees 


(c.) f is 1-1 and is 


(d.) f is onto and gis 1 
: cat 


Continuity 


Let. f,g: ROR be functions. We can 
conclude. that A(x)</f(x)vx =Rif we define 


A:RR as 

(a.) min {z(x),(2)+8(3)} 
(b.) min {f (x), (=)+ 8()} 
(0) max{e(s).£(2)+2(0) 
(d.) max{ f(x), f(+)+8(3)} 


Let X..be a non-empty set, fiX 7X bea 
nction and tet, A,B X . Then the identity 


“A f(AAB) = f(A)O f(B) is 
(a.) Always holds 


(b.)holds if f is 1-1 


(c.) holds if f is onto 


© @)holds if AUB =X 
_ The range of the 


,xeR is 


f(z)= Ta 
(a.) [-1, 1] 
(b.) [-1, 1) 
(c.) C1, J 
(a) None of these 
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Differentiability 


ASSIGNMENT SHEET - 7 


The value of lim = e dt 
x0X © 


(a.) does not exist. 

(b.} is infinite. 

(c.) exists and equals 1. 
(d.) exists and equals 0. 


Let f be a bounded function on R and 
aéR. For 5>0. let 


o(a,8) = sup|f(x)- f(a), xefa-8,a +8]. 
Then. 
(a.) (a8) $ @(a,52) if 5; <8. 
(b.) lims.49 (4,5) =0 forall ae R 
(c.) limg_,9, @(@,5) need not exist. 


(d.) limg.,o, @(a,5)=0 if and only if f 
continuous at a. s 


function on R suppose 
L = Tima £G)+ f'() exists. If 062% 
which of the following staten 
correct? 


_ (a. Tf tim 


hy 4 
7 “ 
Let -f be a. continuously aitoretiable 
“Nae 
thi 


f'@® exists, then, it is 0 


Xoo 


+2 R be;’given by 


Let AGR and 

f (x)=x?. Then fis 
if 1 4%, 
(a.) A is a bounded subset of R 
(b.) A is a dense subset of R 


(c.) A is an unbounded“end-connectéed subset 
' of R 


(d.) Ais an unbounded and open subset of 
R 


iformly continuous 


x 2 x 
Let P{x)= 2) (P21 for at xeR 
13 3 


Then which of the following statement(s) 
is(are) TRUE? 


(a.) The equation P(x)=0 has exactly one 
solution in R 
(b.) P(x) is strictly increasing for all xeR 
.) The equation P(x)=0 has exactly two 
solution R 
(d:) P(x) is sitictly decreasing for all xeR 
“The function f:R->R is given by 
fla)=et" +|:?-1] Which of the following 
is true about the function f ? 


{a.) It is not differentiable exactly at three 
points of R. 


(b.) It is not differentiable at x=0. 
.,. (c.) Itis differentiable at x=2. 


(d.)It is not differentiable at x=1 and 


x=-l. 
The function f(x) =a, +a,\xl+a,|xf° +a,|a1 
is differentiable at x =0 
(a.) For no values of a, @,, 4), a; 
(b.) For any value of ay, a,, a, 4; 
(c.) Only if a, =0 
(d.) Only if both a, =0 and a,=0. 
Suppose f:R— R is a function that satisfies 
[r@)-s(y)[sle-9, 8>0. Which of the 
following is correct? 


(a) If @=1then f is differentiable 
(b.) If @>Oihen f is uniformly continuous 
(c.) Lf @>1then f is a constant function 


(d.) f must be a polynomial 
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Let f -R-—R be a continuous function. with 


a 
petiod: p>0.. Then g(x)="] (Odi isa: 


(a.) Constant function 
(b.) Continuous function 


(c.) Continuous function but not 
differentiable 


(d.) Neither continuous nor differentiable 


Let 4 be the set of rational numbers in the 
open interval (0,7) and f:4>R be a 


uniformly continuous function. Which of the 
following are true? 


(a.) f is bounded 
(b.) f is necessarily a constant funétion 


(c.) / is differentiable on (0, 7) 


"points in (0, 7) an ee 
Let f be a twice differentiable functign k 


: R. onan ies Aor: oe 


(a) If f'G@)sr<l for alf eR, then f has 
at least one fixed point. ue 

(b.) If f has a unique fixed point, then 
f'G)sr<lforall xeR 

(c. If f has a ‘unique fixed point, then 

f'(x)2r>-L forall xeR 


(d.) None of these 


‘Differentiability. 


Let Fen Tr and 


gs) =cosx1e = for x<¢R. Which arn 
following siotenionts are correct? : 

(a.) f(x)20 forall x>0 

(b.) g is an increasing function on (9, 2) 
(c.) g is an decreasing function on [0, ©} 
(d.) f is a decreasing function on [0, <0) 


f= -[O,1]eR . For xeR , let 
P| )= aistot a yf: yel}. Then 


(b.) g(x) is continuous on R but not 


“vunlinuously differentiable cxactly at 
x=0 


{(c.) g(x) is continnous on R but not 


continuously differentiable exactly at 
x=0 and x=1 


(d.) p(x)is differentiable on R . 


‘Consider the function 
{= cos(|x—- 5|)+sin ((x- 3))+|e+ 10f -(p|+ 4y 
At which Of the following point is f not 
differentiable? 


(a) x=5 

(b.) x=3 

(c.) x=-10 

(d.) x=0 

Define f:ROR by 


y 2 
f(x}= fe 3 Bes Then which of the 
2x+x° ifx20 


following statements are correct? 


(a.) f'(x)=2 forall xeR 
(b.) f*(0) does not exist 
(c.) f'(2) existe foreach x#0 


(d.) ’(0) does not exist 
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Consider the function 


f(x) =|cosa|+]sin2—-%)| At which of the 
following points is f not differentiable? 

(a) {(2" +Sen € z} 

(b.) {nan eZ} 


(c.) {nz4+2:ne Zz} 


(d) {™:ne2| 


18. Let 
={f: RRA @)-FOIsK|@-y} 

For all x, ye¢R and for some a>0 and some 
K >0.Which of the following is/are true? 

(a.) Every f « F is continuous Nag tn 

(b.) Every fe F is uniformly continucus 

(c.) Every differentiable function f isin F.” 

(d.) Every fe F is differentiable 


19. — Let 


(a) f is "differentiable ev 
continuous derivative 


(b.) fis differentiable 


(a.) fis discontinuous/atileast at one point 


in (0,1). 
(b.) f is continuous everywhere on (0,1) 
but not uniformly continuous on (0,1). 


(c.) f is uniformly continuous on (0,1). 


(4) lim,_, f(x) exists. 


f:ROR be defin DIS 
see x sin-y pre, f(0)=0 cae 
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Differentiability . 


24. The function f(x)=[lx1+3 is 


(a.) Continuous as well as differentiable on 


(b.) Continuous on & but not differentiable 
anywhere on IR 


(c.) Continuous on Rand differentiable at all 
but finitely many points on R 


(d.) Non continuous on R 
22. Let f(x) =lsinaal, xe R Then 


(a.) f is continuous nowhere 


“(by fis continuous everywhere and 
differentiable nowhere 

ey f “Fos. continuous everywhere and 

. differentiable everywhere except at 


integral value of x 
‘(d.) f is differentiable everywhere 
The function f(x) =1-ll-2| on R is 
(a.) Not continuous 
(b.) Continuous but not differentiable 
(c.) Differentiable but not continuous 
(d.) Differentiable at only one point 
~ f:f0, 1] is a function. Which of the 
.. following is possible? 
‘(a.) f is differentiable but not continuous 


24. 


(b.) f is unbounded and continuous 
(c.) f is differentiable but jts derivative is 
not continuous 
(d.) f is continuous but not integrable 
25. Let {=R->R be differentiable. Which of 
these will follow from mean value theorem? 
(a.) For all 2,6 in R, if a<c<b then 
ye : 
LO- LO. 54 
—a 


(b.) For some a,b in R and for all c in 
(2, +), LO-29- peo 

(c.) For all a,b in R, there is some ¢ in 
(a, 6) such that -——~—— f oe - @) =f) 

there isa unique 

(a, 6) then the 


(d.) For all a,b in R, 
element c in 


£O=L _ pe 
-a 


cone | re 


Differentiability 


ane . are Ws Re 30. Let f:R-R be a differentiable function - : 
6... The function -¢ (x) = xsin| ~ ME Roast such that. sup,ex|/f"(x)] <0. Then 
9 x=0 
(a.)...f ‘maps abounded sequence’.to a 
(a:) Differentiable at 0 but not continuous bounded sequence. 
(b.) Has 2™ derivative at the origin : (b:) f maps a Cauchy sequence to a 


7 Cauchy sequence. 
(c.) Continuous at the origin but not Paya 


differentiable (c.) f maps a convergent sequence to a 


convergent sequence. 


(d.) Neither continuous nor differentiable at (7 oe aitommlly Gondndous 


the origin 
a 4 ‘ . Let. f:R—R be a_ twice continuously 
) 27. The set of points where f(x) =Isinx| is not ifferentiable Fanction with 
differentiable is yo) “We aU Ita Then 
f 
(a.) Empty 
(b.) {0} 


(c.) {ka ike x} 


(d) f’ never vanishes. 


(d) (e: kez} Ye 
‘Let f:[0,0)—[0, 0) be a continuous 
“function. Which of the following is correct? 


(a.) There is x <[0, 0) such that f (x) =o 


3 
(TY 


| tet £:002)>R be ae 


fined . 
fora, x Ee easton aw 


A 


“(b) “If f(x)sM for all xe[0, ©) for some ’ 
i M>0, then there exists x) €[0, 0) 
such that f(x9)=%. 


(c.) If f has a fixed point, then it must be 
unique. 

(d.) f does not have a fixed point unless it 
is differentiable on (0, ~). 


33. Take the closed interval [0,1] and open 
interval (1/3,2/3). Let k=[0,1]\(1/3,2/3). 


29. ~f:R>oR is For xe[0,1] define f(x)=d(x,K) where 


|Z x)| <5 for all x. f(®)=d(x,K)=inf {[x-yly eK}. Then 

S()) isin we (a.) f:[0,1]K +R is differentiable at all 

aS -  poinits of (0,1). 
/ a 

@) 6.9) (.) f:[0,1]+R is not differentiable at ; 
(b.) [-5,5] 1/3 and 2/3. | 

. : {c) f:[0;1] +R is not .differentiabie - at | 
(c.) (-2,-5)(5,) 1/2. 
(da) [-4, 4 : . _ @)._£:[0:1] > RB is not continuous 
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Let XY =(0,1}U(2,3) be an open set in R. 38. Which of the following statements is (are) on 


Let f be a continuous function on X such 
that the derivative f ‘(x) = 0 for all x. Then 
the range of f has 


the interval oz} 


{a.) cosx <cos(sin x) 


(a.) Uncountable number of points 


(b.) Count ably infinite number of points (b.) tanx<x | 
(c.)} At most 2 points , 
(d.) At most 1 point (c.) Vitex Say 


35. If f(x) is real valued function defined on 
[0,0] such that f(0)=0 and f"(x) >0 


(x)=) 


for all x, then the function A P:R OR. be a differentiable function 


(a.) Increasing in [0,00] ith (0) =0 If for all xeRI1< f'(x) <2, 


“then Which one of the following statements 


(b.) Decreasing in [0,1] 


is true on (0,00) ? 


(a.) f is unbounded 


[1°] 
(d.) Decreasing in [0,1] and incenina 
ae 

[1,00] oe “ 

a ris (c.) f has at least one zero 

36. Let ti R-Rbe a continuous gs i ie as 


(b.) f is increasing and bounded 


ff: 


2 @ f is periodic 


1 
40. Let +———— for all 
f= VF an 1+|[x~1| 


Be e[-1, 1]. Then which one of the following 
(c.) f is bounded above in 


attains its bounds. is TRUE? 


a Decides (a.) Maximum value of f(x) is ; 


(a) f(x)=e* (b.) Minimum value of f(x) is ; 
(b.) f(x)=x 
(c) f(x)= tan( =] 


(d.) f(x) =sin(x) 


_ 


(c.) Maximum of f(x) occurs at x=— 


(d.) Minimum of f(x) occurs at x=1 


28A/11. (F irst Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 
E-mail: info@dipsacademy.com; Website: www.dipsacademy.com 


Riemann Integral 
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Let. @ be a positive real: number., Which of 5: Let @, p be real numbers and @ >t 
the following integrals are convergent? 


(a) f p>ithen ee ee 


20 |x" 


(a) ex 


(b.) fa 


©) fr 


a ra 
«2 1 
(a) |. ——~, & 
I x(logx)” 
Let x be a positive integer. The radius of 
2 (ny partons 
convergence of the series De ee is 
n=O 
(a.) k 
(b.) 
(c.) # 


(a) ©, 


3., Let -{a,:7 21} be a sequence of real ni 
ca such that ya, is . convergent’ vee Let, f,g and hk be bounded functions on 


ae Ia, Jis divergent. Let R beth adiy 5 ; the closed interval [a, b] ; such that 


eee 


f(x)<glx)<h(x) for all xe[a, b] . Let 
P={a=a, <4, <a, <..<a, =5} be oa 
partition of [a, b]. We denote by. U(/, P) 
and L(f,P), the upper and lower Riemann 
sums of f with respect to the partition P and 
similarly for g and & . Which of the -- 
: following statements is necessarily true? 
easing function (a) If U(h, P)-U(f, P)<1 then 
from [0.1] ate [0,1]. of the following U(e, P)- L(g, P)<1 
statements is/are true? 
(a.) f must be continodas all but finitely 
many points in [0,1] ; 
(b.) f must be continuous at all but (.) Hf U(A, P)-Lf, P)<1 then 
countably many-points in [0,1] U(g, P)=L(g,'P)<4 


(b.) If L(h, ‘P)- ~L(f, P)<!i then 
U(g, P)-L(g, P)<1 


(¢.) # must be Riemann integrable (A)If L(h, P)-U(YS, P)<1 then” 


(d.) f must be aed integrable i U(g, P)-L(g, P)<1 
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The power series pci converges 
aed 


(a.) Only for x=0 
(b.) For all xeR 

(c.) Only for -l<x<1 
(d.) Only for -I<x<1 


Area enclosed between x-axis from a@ to 5 
and the curve f(x) is finite when 


(a.) a=0, b=, f(x)=es™ 
(b.) a=-0, b=0, f(x) =e*" 


(c.) a=-7, b=0, fet 
x 


(d.) a=-7, b=7, f(x)= a NS 
a 


Let f be a continuously differentiable real- ” 


valued function on such that” 


[a, 6} 


[f(a <X for all xe[a, 6]. For a partition eee 


P={a=a, <a, <..<a, =} , 
and L(f, P) denote the upper an 

Riemann sums of f with respéct, to 
Then en 


(a) LCF, PIs K(b-2)<|U( 


function f:[0, 1] $i, 
bounded variation? 


neogssarily ‘of 
f 


(a) f is a monotone finétibe Sn {o, q 


(b.) f is a continuous and monotone function 
on [0, 1] 


(c.) f has a derivative at each xe(0, 1) 


(d.) f has a bounded derivative on the 
interval (0, 1). 


let UL, P, ae 
RAS, 


14. 
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m, © zeae 


“that [ f (x)dx exists. Which of the following 
0 


(d) in case f is a differentiable function 


Riemann Integral 


Define f:[0, 1]>[0, 1] by ¢ Pee ze for 


ety ok | 
reo ae th ezt , Then f is a | 


Riemann-integrable function such that 
(a.) ft(a)ar == 


Jax <2 
I 


(b.) =< wae 


statements are correct? 


(a.) If Jin nf (x :) exists, then lim nf (x)= 0 


(b.) The limit tim f(x) must exist and is zero 


(c.)In case f is a non-negative function, 
lim f (x) must exist and is zero 
r0 


lim f'(x) must exist and is zero 
x0 


Let f:R—>R be a differentiable function 
such that f’ is bounded. Given a closed and 
bounded interval [a, 6] , and a partition 
P=({a=a<a,<..<a,=b} of [a,b] , let 
M(f, P) and m(f, P) denote, respectively, 


the upper Riemann sum and thé lower 
Riemann sum of f withrespectto P. Then 


(a) 


M(F.P)~[ 4 (=)ax <(b-a) 


sup {lf (x) :xe[a, b}} 


7] 
) \m(f,P)-[ f(x)dx]<(b-a) 


inf {[7 (x) :xefa, b]} , 


(c.) | P)- [reas <(b-a) 


sup {lees € [a,b]} 


(a) jn f, P)-[r(x)ax <(b-a) 


inf {\r" (x) ixe[a, b}} 
Let f:[0,1]R be continuous such’ that 


f@)20 for all ¢ in [0,1] . Define 


g&xd=| fae then 


(a.) g is monotone and bounded 
(b.) g is monotone, but not bounded.” 
(c.) gis bounded, but not monotone 


(d.) g is neither monotone nor bounded 


Let f be a continuous function on ae 


_ with £(0)=1, Let Cladat | sadae 


: (a. ‘ TigoCa) = 
(b.) limG(a) =] 
(c) limG(a)=0 


© (d.) The limit tim 


Gi) Convergent & valu 
a 


(iii)! Divergent &-diverges Lids 50" 
(iv) Convergent & value is : 
(a.) A-1,B-2 

(b.) A-3,B4 


(c.)A4, B-1 
(d.) A-2, B-3 
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Suppose “fis an increasing real valued 
function on [0, 0). with f (x)>0 Vx and let 
e(=4f pwdaus O<x<o. Then which of 
the following are true: 
(a.) g(x)< f(x) forall xe(0, 9) 
(b.) xe (x) < f (x) for all x €(0, 20) 
(c.) xg(x)2 £0) xe(0, ~) 
1) rg (y)- (OEE x) f(y) forall x<y 
Fond] 3B be defined by 


Tort xeos(a/(2x)) if x70, ida 
: 0 ifx=0 


(a.):f is continuous on [0, 1] 


(b.) f is of bounded variation on [0, 1] 


“(c) f is differentiable [0,1] and its 


derivative /' " is bounded on (0, 1) 


3 @) f is Riemann integrable on [0,1] 


‘Let f:{0,0)>R , and g:[0,«)->R be 


continuous functions satisfying 
fee) # (sa) 
f Pdt=x (+x) and J g(t)dt =x for all 
0 


xe[0, 0). Then f(2)+ iG) is equal to 

(a) 0 

(b.) 5 

(c.) 6 

(a) il 

Find the. value of p for which the integral 


Lipa 
f ——dx is convergent. 
gl tx 


(a.). Convergent if p>1 


(b.) Convergent if p=] 


: (c:) Convergent if p=0 


(d.) Convergent iff p>0 
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22. Let f:R—R be a continuous function. 2%. 
Which of the following is always true? 
(a.) £7 (U) is open for all open sets Uc R 
(b.) f7(C) is closed for all closed sets 
CcR 
(c.) f-(K) is compact for all compact sets 
KcR 
27, 
(d.) f(G) is connected for all connected 
sets Go R 
23. Let f:ROR be differentiable with 
0< f(x) <1 forall x. Then 
(a.) f is increasing and f is bounded. 
(b.) f is increasing and f is»,Riemann 
integrable on 7. , 
(c.) f is increasing and f is elo 
continuous. 
(d.) f is of bounded variation. nL : 
24, c is a fixed point in [0, 1]. A ie 
:[o, i d d aby: 
F :{0. oe : jefine Yer 
c Sxse 
v= . ti 
f@) {ye ife<xS1 re 
1 
Riemann integral J fdr ii 
0 
' value of ¢ is 
| : 
| a.) = 
| (@) 2 
1 
(b.) 5a 
29 
1 3 
c.) = 
©) + 
1 
d.) = 
@ 5 
25. The improper integral ee zsinxdx is 
(a.) Divergent 
(b.) Convergent 
(c.) Oscillatory 
(d.) Diverges to —0o 
2BA/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, 
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fi o (. ‘| 


) Riemann Integral 


Let f(x) =x? -sinx, xe-4 a Al. Then / is 


(a.) Bounded and of bounded variation 

(b.) Unbounded and of bounded variation 
(c.) Unbounded but not of bounded variation 
(d.) Bounded but not of bounded variation 
if f:[1,2]— R is a non-negative Riemann- | 


integrable function such that 


) dx= xf f (x)ax #0, then & 
ma 3 
longs to-the interval 
° ma, 


Ni, 


2 
(c.) ie 


| 
| 


The improper intearal J (4 a" 
<x 


(a.) Convergent & value in 6 


(b.) Divergent & diverges to +0 


(c.) Convergent & value is 4 
(a.) None of these 


— and 


a 


Consider the power series 2 


>. Then 

(a.) both converge on (—1, 1] 

(b.} both converge on [- 1 1) 

(c.) exactly one of them converges 


an 


(d.) none of them converges on {-1, 1) 
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Which one of the following does NOT hold 33. 
for all continuous functions f:[-2,7]2R?. 


(a) lf s(-t) 
ire dr=2| f (eat 


= f(t) for each te[-z,7] , then 


(b.) If f(-1)=- f(r) for each re[-7,z], then 


Riemann Integral.” 


Define. f on [0,1]. 


.. Then 


ea : . 
f x if x is rational 
x)= 
>°if x is imrational 


{re dt=0 


©) freod=-f roar 


(d.) There is an a with -r<a<a such that 


Jroa =2nf(a) 


iro iis 
31. For a positive real number p, let (fi n= T 
2,....) be a sequence of functions defined on’ 


pie 


| 1 Ply, if 0<x<2 oo 
| (0. by A(z)=} » = 2° ~ 
| ey eat FO Se 
xP’ cae 
f(x) lms, () xe0,1]. Then, on [ JP 7 


(a. ) ji ‘is Riemann integrable 
‘(b) the integral _ 


converges for p 2 1 


improper 


(c.) the improper, i 


Then f(x)is 

(a.) Riemann integrable on [0,1] 

(b.) Lebesgue integrable on [0.1] 
(©) Js a continuous function on [0,1] 


(d.) Is a monotone function on [o.4] 


28A/11; (First Floor) Jia Sarai, Hauz Khas, ‘Near LLTS 


: i yay. 


This integral is: 


35. 


. ‘(b) continuous only in (0,00). 
(c.) discontinuous in (0,70). 
(d.) discontinuous only in (1/2,0). 
Let f:[0,1]>R and g:[0,1]>R be 
two functions defined by 
a If x= a eN 
f (x) =n n and. 
0 Otherwise 
1 
n If x=—,neN 
ce n 
Otherwise 
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(a.) f is not Riemann integrable on [0,1]. 
(vb) f is Riemann integrable and 
1 1 
ly f(xdr=7- 
(c) f is Riemann integrable and 


1 1 
{ of(aar= 5 
iL a iF Fa < h f(xdx= > where 


an Sf (x)dx and ‘i ip (x)dx are the lower 
and upper Riemann integrals of Hi 


‘Consider the improper Riemann integral 


Continous in [0,-0) . 


@ 


(a.) Both f and gare Riemann ea 
(b.) ff is Riemann iniegrable but g is not 
(c.) gis Riemann integrable but f is not 


(d.) Neither f nor gis Riemann integrable 
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For nzl, let g,(x)= sin? (« sths e[0,00) 
n 


and f, (x) => g, (ta. Then 

(a.) {f,} converges pointwise to a function 
f on [0,0}, but does not converge 
uniformly on [0,°) . 

(b.) {f,} does not converge to any function 
on [0,0) . 

(c.) {f,} converges uniformly on [0,1) - 

(d.) {f,} converges uniformly on [0,0) . 


then a necessary and sufficient condition for 
the sequence of polynomials 
f(x) =b,x+¢,x" to converge uniformly to 


on the real line is 


(a.) lim >, =Oand lim,.,,,¢, =9 


(b.). Deal [<eoand Tile l< 


‘(c.) There exists a positive in sger 
that b, =O and c, =0 for all 


(4) lim, 06 =0 


3. Let {f,} be a zseque : 
functions on FR. : 


(a) If {f,} converges to 


these Se a) 


os 


wie {f, 


2 
PS, 
(c.) If {f, } converges to’ fe 


then f is continuous on R 


iformly on R 


(d.) There exists a sequence of ‘continuous 
functions {f,}on R, such that {f,} 
converges to f uniformly on R, but 


tim [fy (2) an f(x)dx 


28A/11, @irst Floor) Jia Sarai, Hauz Khas, 
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Uniform Convergence 


4 Let P,(x)=4, x? +b, X+C, be a sequence 
of quadratic polynomials where ai 
Gyr0 49, ER for all n2l. Let 4),4,,4, be : 


distinct. real numbers such thar 
lime, (A)=4, » limP,(4)=4, and 


lim P, (A,) = 4, . Then 


non 


s. (a) lim P (x) exists forall xe R 
™s, My PRD 


b,).. lint, ‘(x) exists forall xe R 


Noe 


a RA NOLES LETTE 


c.) lim P, [a] does not exist 


(d.) lim P, (244) does not exist 


Let f,:[42]>[0.1] be — given by 

f,(x)=(2-x)" for all non-negative integers 
on Let f(x) = lim f, =) for 1<x<2. Then 
_ which of the following is true? 


(a) f is acontinuous function on [1, 2]. 


negased 


pawn 


(b.) f, converges uniformly to f on [1,2] 


as n->O. 


(©) lim, ff, d= [r@ar. 


(dyfor any ae(l,2) we have 
tim f', (a) # f(a). . 


l—nx for x -(o ‘| 
"! Then 


Let fn (= ; 
0 for x (2. 1 
n 


(a) lim f(x) defines a continuous function 


on [0, 1] 


(b.) {f,} converges uniformly on [0, 1] 


(c.) lim f, (2) =0 for all xe[0, 1] 


(@) lim f, (2) exists for all x <0, 1] 
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Let f,()=x"" for n<[0, 1]. Then 

a.) lim f ,(x) exists for all x0, 1] 

{b) lim J ,(x) defines a continuous function 
m [0, 1] 

(c.) {f,} converges uniformly on [0, 1] 

(d.) lim f ,@) =0 forall xe<[0, 1]. 

pe peda 8 


n=l: 


(a.) lim f(x) =0 
(b.) lim f x)= 


’ r 
(c.) lim f (x) == 
(d.) bo f(x) does not exist 


The series ye, x>0, is convergent on the > “ ‘ 
+ mel na, 


interval oe 

(a) (0, 1/e) ee 

: b.) (ile, a OE 

= i) @ ey ibase nied 
(d.) (1, e) 


ha fr (=e ax + 1} 


s, (x)= yh (x) for 
{s.} 


(a.) Converges 


% 
(c.) Converges point 
for x <(0,1] 


Let {f, re be a NS ‘of real valued 
differentiable function on [a, 5] such that 
f(x) > f(x) a no for every 
_xe[a,b]and for some Riemann-integrable 
function f:[a,b]>R . Consider ‘the 
statements: ; 
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ee (d.) ‘{g,} converges uniformly but {f,} does 


Pi: “t converges uniformly’ 


{ 
Rey 


r 
Ff} converges uniformly 


al i fy(s)de-> | F(a) 


a 


P,: f is differentiable 


Then which one of the following need NOT 
be true ae 


(a.) P implies P, 
(b.) P, implies F 

SP, implies P, 
(d.).P, implies F 


"ye. Then on the interval [0,1], 


(a.) both {f,} and {g,} converges 
uniformly 


/(b.)neither {f,} nor { g,} converges 


uniformly 
(c.).{ f,} converges uniformly but {g,} does - 
not converge uniformly 


not converges uniformly 


Which of the following sequence (f,}", of 


functions does NOT converge uniformly on 
[0, 1]? 


@) (x)= 
©) £)=(-3) 
(c.) f(x)=2+ nx 


snl 


@) £(=)= 


Which one of the following statements 
holds? 


ao 
(a.) The series > x" converges: for each 
n=0 
xe [-11] 
0D 
(b.) The series }° x” converges uniformly in 


n=0 
Ci) 
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16.” 


eo 


PB x 
(c.) The series Le converges for each 


e[-11] 
ive) x 
(d.) The series >< converges uniformly in 
n= Zn 


(-1,1) 
Consider two sequences { St, } and { g,} of 
functions f,:[01]>R 
g,: ROR are defined by f,(x) =x" and 
BE aaa ae 2 if xeln—lLa +1] 


where and 


0 otherwise 
Thenl 
(a) Neither {f,} nor { g,} is uniformly 
convergent ou 


(b.) {f,} is not uniformly convergent bu 
{g,} is : 

(c.) {g,} is not uniformly convergent bit 
{fn} 

(d.) Both {f,} 


Cl OnysTapHt 


Rha 


‘sin x 
‘and 


f. (x)= n= 1, 2; 


€ [-1 1 .Choose incorrect 


@) th (x) 


‘Let 


does not ¢ 


continuous in ve 1 


Find out which of the ‘eétlowing series 
converge oo forxe(—n,7). 


n=i 


b) spate 


n= 


ae 


and {g,} are soa 
NE 


ai((x+n)n ny 
Let f,,(x)=(-x)".x€[0.]] . 


which of the following are true. 


Then decide 


(a.) there exist a pointwise convergent 
subsequence of f, 

(b.) f, has non pointwise convergent 

_ subsequence. 


“(eS fy, converges pointwise everywhere. 
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yf’ has exactly one pointwise convergent 
subsequence. 
Consider all sequences’ {f,} of real valued 


«.. continuous functions on [0,0) . Identify 
which of the following statements are correct. 


(a.)' If {f,} converges to f pointwise on 
(0, oo) 7 then 
litre [ofa ()4¢= Ip 

(b.) If {f,} converges to f uniformly on 
[9, co) then 


ity pe ff fa (2) = fc I(x 
(c.) If {f,} converges to f oS on 
[0, ©), then f is continuous on [0, «). 


(d.) There exists a sequence of continuous 
functions {f,} on [0, -) such that {/,} 
converges to f uniformly on {0, 20) but 


Vira, 0 fp In (z)ae# I F(2) ee 


Which one of the following statements is true 
for the sequence of functions 


fil xe{i/2,1)? 
Wo +X 


(x) dx 


n=1,2,-, 


(a.) The sequence is monotonic and has 0 


as the limit for all xe[l/2,1] as no 
The sequence is not monotonic but has 


(b.) 
f(s as the limit asn +00 . 
x 


The ae is monotonic and has 


(c) 
f(x)=4-as the limit as n-00 . 
x 


The sequence is not monotonic but has 
Oas the limit. 


(d.) 
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Let A={(xy)eR'ix+ye-| Define 
fiso>R by 


Hew ic <5) Then, 


l+x+y l+x+y 


(a.) The Jacobian matrix of f does not 
vanish on A 
(b.) -f .is infinitely differentiable on A 


(c.) fis injective on 4 
(d.) f(A) = 
Define f: a > R? 


for . y)eR?. Then 
(a.) f is discontinuous at (0, 0) 


(b.) f is continuous at (0,0) but i 
‘ye 


differentiable at (0, 0) 

(c.) f is differentiable at (0,0) 

‘G@) f is differentiable at (0,0)'at 
derivative D.'f (0,0) is invertible 

. Let f: R25 R? be 

f(x, »)=(*+y, ay). Then 

(a.) fis not differential 
(0,0); 

(b.) The derivati 


Let f:R" +R" differential Dhinctioe, 
fative of ca at xeR” 
. Which of the following & s/are correct? 
(a.) Df (x)(a}=0 for al wi 1 R™. 
(b.) Df (x)(u)=0 forall, x in R® and some 
 -yeR" ‘only if f is a constant. 


(c.) Df(x)(u)=0 for all weR" and all 
_xéR" onlyif f-is.a constant. 
-(d)If f ‘is not a constant: function, then 
Df (x) isa one-to one function for some 
xeR" : 


If f:S->S is a function, then we denote by 
f*, the function fofe---of (k-+times). Let 
f, and f, be two functions defined on R’ 
as follows ; 
A(x, y)=(x4+hy+3), f(xy) =(x-3, y-2). 
Then 
(a.) For any positive integer & , there exists a 
unique (a,b)e¢R? , such that 
F8(0, 0) =f! (a,b). 


7 © For any real number a and any positive; 


integer, there is at most one solution y 
fé (0, 0)= fi (a, y) 
¢.) There “Sxists (a,b)eR? such that 
fi (a. b)# f(x, y) for any (x,))eR* 
and any positive integer & . 
Jf, is linear transformation. 


as Let’ f:R" > R be the map 


FR 4%, )= 4%, +..+4,x,, where 
‘a=(a,,...,@,) is a fixed non-zero vector. Let 
Df (0) denote the derivative of f at 0. 
Which of the following are correct? 

(a.) (Df)(0) is a linear map from R" to R 


: b) [(2f) (0) (a) = lal? 


() [(2/) fa) =0 

(4) [(2A) 0) (0) =a, +... 44,2, 
b= (b50,) 

Let f(x,y) =x] . Then 


(a.) f, and f, do not exist at (0,0) 

(b) f,(0,0)=1 

(c.) f,(0,0)=0 

(d.) f is differentiable at (0,0) 

Let z=xt+iy and f:R?’>R’ be the 

function 

f(x y)= f(z) =2? =(x? -y’, 2xy) ER? . Let 

(Df)(a) denote the derivative of f at a. 

Which of the following are true? 

(a) (Df)(@a)h=2ah, where a=a,+ia, and 
=h, +ih, 


wo) One=2[% Pe }ee nade 


--(c.) f is one to oneon. BR 


(d.) For any ae R’/{(0, O, f -is-one to'one 
on some neighbourhood of a. 
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9. Let ¢.pr—> pt be the function defined by 12. Let f:[z,2z]>R’ be the fumetion | 
f(x)=x[x[) for xeR" - Which of the f(t)=(cost, sint). Which of the following : 
following statements are correct? are necessarily correct? : 
(a.) (DF)(0) =0 (a) There exists [7,27] such that | 

ee | 
(b.) (Df)(x)=0 forall xeR" pa Meal Gel a)) i 
(c.) f is one-one (b.) There does not exist any 4, €[z,2z] | 
(d.) f has an inverse such that f'(o)= 2 2n)~/@)) ! 
10. Let f:4UE > R? be differentiable, where “.. (@) There exists f, €[z,22] such that 


{ | 


A =\(% yyeR? Sea +y <I and WfQ2)-f@llsal¢'()] 


(d.) f' =(—8ing, cost) for all ¢e[z, 27]. 


Consider the map f:R? > R? defined by 
S(x,y = (7x4 x4,3x+4y+y*). Then, 


b={(s y)eR? (x-2)7 +(y- 2y < zh Let 


Df be the derivative of the function, 
Which of the following are necessarily 


correct? (a.) fis discontinuous at (0, 0). 


(b.) f is continuous at (0, 0) and all 
directional derivatives exist at (0, 0) 

(c.) f is differentiable at (0, 0) but the 
derivative Df (0, 0) is not invertible. 
(d.) f is differentiable at (0, 0) and the 

'.” derivative Df (0, 0) is invertible. 


then f is constant 


(b.) If (Df)(x, y)=0 for all (x, yes 
f is constant on 4 


@ If (pf )(x,)=0 for all (x; 
f is constant on F 


ey oy 44 The map :R’—>R’ given by 
(d.) If (Df)(x, y)=0 for all’. (x, y) f L(x, y)=(x,-y) is 

(a.) Differentiable everywhere on R? 

'(b.) Differentiable only at (0, 0) 


(c.) DL(0, 0)=L 


¥F Let 


product on. R* and . 


R" . Further denote by DE, the derivative. of 
L. Which of the following. ‘are necessarily (a.) f is discontinuous at (0,.0) 
correct? ; 


(d.) DL(x, y)=L forall (x, y)eR’ , 


is sofne inner 


15. Consider the map f:IR? > R* defined by 
SY) =@Gx-2y+2x’, 4x+5y+y’). Then 


fixe vector in 


(b.) f is continuous at (0,0) and all 


(a.) DL(u)=DL(v) for all ujveR" directional derivatives exists at (0, 0) i 
(b.) DL(0,0,..., 0)=L (c.) f is differentiable at (0,0) but. the 
derivative Df(0, 0)is not invertible 
NM a 2 it 
(©) DLG)=hf fori! xeR (2) f is differentiable at (0,0) and the 
(4) DL(i,1, o )=0. derivative Df(0, 0) is invertible. 


284/11, (First Floor) Jia Sarai, Hauz Khas, Near 1 LT., New Dethi-110016, Ph: (011)-26537527, Cell: 9999183434 rg 9899161734, 8588844789 
E-mail: info@dipsacademy.com; Website: www.dipsacademy.com 


“Let f:R? >R-and g:R’R be defined 

by f(xy) =bd+|y and g(x, ¥)=[5}. Then 

(a.) f is differentiable at (0, 0), but'g is not 
differentiable at (0, 0) 

(b.) g is differentiable at (0, 0) 
not differentiable at (0, 0) 

(c.) Both f and g are differentiable at 


, but f is 


i (0, 0) 
| (d.) Both f and g are continuous at (0, 0) 
17. Let 
al tes [1-ces(x’+y7) | (x, ») #(0,0) 
k » (4) =(00) 


_ continuous at (0, 0) is 


Fla=leryr) 
j (a.) 0 


Ned y are rational 
Otherwise 


peasy: i +y 


Then 

(a.) f is not continuous at (0,0) 

(b) f is continuous at (0,0) but not 
differentiable at (0,0) 

(c:) f.is-differentiable only at (0,0) 

(d.) ‘f is differentiable every where 


Then the value of & for which f (3-2) is 
gs 


(b.) = 
(c.) 1 MS et 
3 : — 
@) 5 ¥ 
18." re ot 
| ne! 
a (d.) fand f,d0 iste 
discontinuous 
"Ss Ae 
9. Let ~. f:R? > R? 
4 
{ 


20. 


Function of Several Variables 


~ (c.) fis discontinuous at (0,0) and ff exist 


only at (0,0) 
(d. ) None of the above 
me coe the function. 


ei(x+y"), (x,y) #(0,0) 


If f(x,y)= 0, (x,y) =(0,0)' 


then at (0,0) 
(a.) ff, do not exist 


(b.) f,.f, exist and are equal 


(c.) The directional derivative exists along 
any straight line 


(d.) f is differentiable 


=s(.»)#(0,0);/(0,0)=0- | 


derivatives f,.f, exist at every point o: 
R 

(b.) £ is discontinuous at (0,0) and f,, f exist 
at every point of R? 


Hoo (x,y)¢[1/2,3/2}x[1/2,3/2] . The 


sane, of the function at (1) along the 
direction (1,1) 

(a) 0 

(b.) 1 

(c.) 2 

(d) -2 

Let f:R? +R? be the — function 
f(r,0) =(rcos0, rsin®)}. Then for which of 


the open subsets U of R? given below, f 
restricted to U admits an inverse? 


(a) U=R? 
(b.) U={(x,y)eR?:x>0,y>0} 
(c.) Ua{(xy)eR x+y? <I} 


(d.) U= {(x,y) eR?:x < +Ly <-t} 
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Let  f: RoR be 
f (ar)=( ; y?-+sinx}. Then the derivative of 


given by 


24, 


f at (x,y) is the near transformation given 


by 
2x 0 
@)} 
cosx 2y 
ae 0 
(b.) 
2y cosx 


(4) 


ee 

A function f:R—>R is defined by; 
f(x, y)=xy. Let v=(1,2) and a=(a,a,) be 
\ 


25. 


two elements of R* 
derivative of f in the direction of v at @_is 


The directional” 
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“(a.) at+2ay 


(b.) ay +2a, 


ay 
c.) +4 
(> 1 


Q, 
(d.) os ay 


A function f(x,y) on R? has the following 
partial derivatives 


of ee ee ae 
— (x)=) 


- direction a eaniter 
bo. ) f has a derivative at all points. 


“(c) f has directional derivative only along 
the direction (1,1) everywhere. 


(d.) f does not have directional derivatives 


in any direction everywhere. 


